Linear relations with disjoint supports and
average sizes of kernels

Angela Carnevale and Tobias Rossmann

We study the effects of imposing linear relations within modules of matrices on
average sizes of kernels. The relations that we consider can be described combinato-
rially in terms of partial colourings of grids. The cells of these grids correspond to
positions in matrices and each defining relation involves all cells of a given colour. We
prove that imposing such relations arising from “admissible” partial colourings has
no effect on average sizes of kernels over finite quotients of discrete valuation rings.
This vastly generalises the known fact that average sizes of kernels of general square
and traceless matrices of the same size coincide over such rings. As a group-theoretic
application, we explicitly determine zeta functions enumerating conjugacy classes of
finite p-groups derived from free class-3-nilpotent groups for p > 5.
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1 Introduction

1.1 Motivation: shapes, ranks, and average sizes of kernels of matrices

The starting point of the research described in this article is the observation that four
families of modules of matrices share a number of curious features. For a (commutative)
ring R, let Mgyx.(R) denote the module of all d x e matrices over R. Further let Alty(R),
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Sym,(R), and sl;(R) denote the modules of alternating (i.e. antisymmetric with zeros
along the diagonal), symmetric, and traceless d x d matrices over R, respectively. To
describe the aforementioned common features, let T7(R) C My(R) := Mgxq(R) be one of
the preceding four types of modules of d x d matrices. Then:

(A) The module T;(R) is defined by “simple” linear relations among matrix entries
within the ambient module My4(R). More precisely, we can choose defining linear
relations (e.g. Tij —Tj; =00r 211 + -+ xgq = 0) such that non-zero coefficients
are units and different relations are supported on disjoint sets of matrix positions.

(B) Taking R to be a finite field F, the number of matrices in Ty(F,) of fixed rank r is
given by a polynomial in ¢ (which depends on d and r). Moreover, this polynomial
admits an explicit description in terms of permutation statistics on the Coxeter
group By = {£1} 1S, of signed permutations of d letters. More generally, such
permutation statistics can be used to express the number of matrices of given
elementary divisor type in T;(R) when R is a finite quotient of a discrete valuation
ring (DVR). Such results were first recorded by Stasinski and Voll [32]. For further
related results, see [5,6] and references therein.

(C) For a module of matrices A over a finite ring, let ask(A4) := ﬁ YacalKer(a)l € Q
be the average size of the kernel of an element of A. Then ask(Ty(F,)) is given
by a rather simple rational function in ¢g. For example, Linial and Weitz 18] and,
independently, Fulman and Goldstein [13] showed that ask(My(F,)) = 2 — ¢~
More generally, the average size of the kernel of an element of T,;(R) turns out to
be well-behaved if R is a finite quotient of a DVR; see [26,28].

Rank counts and average sizes of kernels. Since ask(7;(F,)) is expressible in terms
of the numbers of matrices of given rank in Ty(F,) (see |26, §2.1]), one might suspect
that the simple shapes of ask(Ty(F,)) in could be explained combinatorially via
Such an explanation has so far remained elusive; see [26, §2.3]. Instead, at present,
is perhaps best understood using the formalism of “ask zeta functions” from |26} 28],
sketched in and discussed further in By using a duality operation, this point of
view explains the simple shape of ask(7y(F,)) by relating the spaces Ty(Fy) to a classical
topic: spaces of matrices of constant rank. (See |28} §5.3].)

Rank counts: tame and wild. Beyond the sources cited above, various authors have
studied the numbers of matrices of given rank within combinatorially defined spaces of
matrices; see e.g. [17]. On the other hand, while polynomiality results have been obtained
in some cases, Belkale and Brosnan [2] showed that the enumeration of matrices of given
rank over F, is “arithmetically wild” even for seemingly simple spaces of symmetric
matrices. Indeed, they showed that, in a precise technical sense, the enumeration of such
matrices is as difficult as counting F,-rational points of arbitrary Z-defined varieties.

Average sizes of kernels and support constraints. Average sizes of kernels of matrices
within spaces and modules of generic, alternating, or symmetric matrices defined by



combinatorial support constraints have been studied in [30]. It turns out that while the
aforementioned arithmetically wild behaviour which is visible on the level of rank counts
disappears entirely upon taking the average, a rich and intricate combinatorial structure
governs the behaviour of average sizes of kernels. In particular, in the setting of |30],
average sizes of kernels are usually far removed from the simplicity in

In light of the above, the present authors regard it as remarkable that [(A)H(C)| are
simultaneously satisfied for the modules Ty(R) from above. In fact, we are aware of only
few such examples and of no systematic method for constructing them. This turns out
to be due to the delicate nature of rank distributions in spaces of matrices beyond

In the present article, we construct large families of modules of matrices defined via
linear relations as in These modules are defined in terms of partial colourings of the
cells of suitable grids, as defined later in the paper. Subject to admissibility conditions, we
will show that average sizes of kernels within these modules are as tame as for the T;(R)
in On the other hand, simple examples will show that there can be no analogue of
for these modules. Indeed, it is known (see |26, Thm 4.11]) that ask zeta functions
associated with Z-defined modules of matrices in general depend on arithmetic properties
of the DVR in question—Example will provide an explicit illustration of this in the
present setting.

1.2 Background: ask zeta functions

Before stating our main results, we briefly recall basic facts on ask zeta functions; we
will give a more comprehensive account in §2] Let O be a compact DVR with maximal
ideal P and residue field O /B of cardinality g. For example, O might be the ring of p-adic
integers Z, or the ring of formal power series Fy[t]. Given a module M C Mgy.(D),
let M,, denote its image in Mgx.(O/B"). The ask zeta function of M is the generating
function

Z5K(T) =Y ask(M,)T™.
n=0

These generating functions are closely related to the enumeration of orbits and conjugacy
classes of unipotent groups; see [26, §8], [28, §§6-7], and [30, §2.4]. This connection forms
the basis of the group-theoretic results in the present paper, to be described in §1.6]

If O has characteristic zero, then Z3%(T) € Q(T) by [26, Thm 1.4]. As examples in
[26,28]30] illustrate, these rational functions can be quite complicated, even for seemingly
harmless and natural examples of modules of matrices. On the other hand, Z3(7T) is
occasionally of the simple shape % =14 (¢® + ¢¢ — ¢)T + O(T?). This is
closely related to the informal simplicity of ask(7;(F,)) mentioned in from via
the following.

Proposition 1.1 (|26, §5]). Let O be a compact DVR with residue cardinality q. Then:

. k _ 1—g—°T
(i) Ziim(o) = (17T)(ffqd*€T)'



1—¢t—4T
(1) Z3400) = Lityiany (1) = T=r=g1y-
_—d
(ii1) Zg, 0 = Biisio)(T) = e

' _—d
(iv) If d > 1, then Z% o) (T) = Z3§ ) (T) = 7107

Note that we may recover ask(Ty(Fy)) in part [(C)| of §1.1] from Proposition [1.1] For
example, ask(Alty(F,)) =1+ ¢ — ¢'7% see [13, Lemma 5.3].

1.3 Linear relations from partial colourings

We now describe the three main types of modules of matrices that we will consider.

Partial colourings of grids. Let d,e > 1. We write [d] = {1,2,...,d}. A partial
colouring of the grid [d] x [e] is a family A = (A.).ec of pairwise disjoint (possibly
empty) subsets of [d] x [e] indexed by a given set C of colours. Equivalently, A is the
family of fibres of the elements of C under a function [d] x [e] — C U {{J}. Here and
throughout this paper, O is a fixed symbol (which we call blank) that does not belong
to C. We refer to the elements of [d] x [e] as cells. A cell (i,7) € [d] X [e] is blank if it
does not belong to any A..

Three types of modules. Let R be a ring. Given a partial colouring A = (A.)cec of
[d] x [e] and a d X e matrix u whose entries are units of R, we define three modules of
matrices over R. First,

Reldxe(A,u, R) = {[1'”] € dee(R) Ve e C, Z Ui Tqj = 0} .

(i,j)€Ac

In other words, Reljxe(A, u, R) is obtained from Mgy.(R) by imposing, for each colour,
a linear relation among all entries whose positions are of that colour, and with unit
coefficients coming from the matrix .

Example 1.2. Fix a colour blue € C and let A = (A.)cec be the partial colouring of
[d] x [d] with Ape = {(1,1),(2,2),...,(d,d)} and A. = @ for all other colours ¢ € C. Let
u =1 be the all-ones d x d matrix. Then Relyx4(A, 1, R) = sly(R).

Given a partial colouring A of [d] x [e] and a matrix u as above, we may impose
relations among the entries in the top right d x e block of Alty;.(R) and Symy, . (R).
Formally, define

ARelyye(A, u, R) := { [—iT ﬂ ta € Alty(R),b € Alt.(R), = € Relyxe(A, u, R)} and

SRelgxe(A,u, R) :== { L:T ﬂ :a € Symy(R),b € Sym,(R), z € Relgxe(A,u, R)} .



We refer to Relgxe (A, u, R), ARelgye(A, u, R), and SRelgx (A, u, R) as (rectangular, al-
ternating, or symmetric) relation modules associated with the partial colouring A. If u
is the all-ones matrix 1, then we often simply write Rel;x. (A, R) instead of Relgx.(A, 1, R)
and analogously for ARel;x. and SRelgxe.

In general, neither ARelgyx(A, u, R) nor SRelyx(A, u, R) is an instance of a module
Rel(gte)x (d+e) (A, v/, R) for a partial colouring A" of the grid [d + e] x [d + ¢]. Note
that in the definitions of alternating and symmetric relation modules, we only impose
relations among entries in the off-diagonal blocks within the ambient modules. Later on
in this paper, we will also consider more general relations among entries within Alty(R)

or Symy(R); cf. Remark [1.§

Relation modules and ask zeta functions. Let 9 be a compact DVR. In general,
passing from an ambient module of matrices to a relation module changes the associated
ask zeta functions. For example, suppose that A = (A;).cc is a partial colouring of
[d] x [e] such that there is at most one cell of any given colour. (That is, |A.| <1 for all
c € C.) Then Rel;x¢ (A, u,O) consists of those matrices [x;;] € Mgxe(9O) such that z;; =0
whenever (i, j) is a coloured cell. Ask zeta functions associated with modules of general
rectangular, symmetric, or alternating matrices satisfying such support constraints are
precisely the subject of |30]. In particular, the results there show that these ask zeta
functions are in general vastly more complicated than the tame formulae for the ask zeta
functions of the ambient modules in Proposition The present article is devoted to a
question which is orthogonal to the setting of [30]:

Question 1.3. Which simple linear relations among matriz entries have no effects on
associated ask zeta functions?

The complicated formulae in [30] reflect an intricate combinatorial structure found in
the rank loci of certain types of matrices of linear forms. Our approach in this article
instead seeks to identify operations which have no effect on these rank loci, or at least
none that would be visible on the level of ask zeta functions.

As illustrated by slz(9O) in Proposition and Example there are examples of
partial colourings A such that Mgy (O) and its proper submodule Reljx.(A, u, D) have
the same ask zeta function. As we will now explain, there are many more such examples.

Admissible partial colourings. Let A = (A.)ccc be a fixed partial colouring of [d] x [e].
By a subgrid G of [d] x [e], we mean a set of the form G = I x J for I C [d] and J C [e].
We say that a subgrid G of [d] x [e] is colour-closed (w.r.t. A) if A. C G for each colour
¢ € C that appears within G (i.e. for which A. N G # @).

Definition 1.4. A partial colouring A of [d] X [e] is admissible if every non-empty
colour-closed subgrid of [d] x [e] contains a blank cell.

Example 1.5. For £ =a, b, c,d, let A(¢) be the partial colouring of [3] x [3] in Figure
Here and throughout, white cells indicate blanks and cells are indexed in the same way
as matrix entries. (For example, the top left cell is (1,1).)



(a) (b) () (d)

Figure 1: Four partial colourings of [3] x [3]

For an alternative description of A(¢), let ¢, c2, and c3 be distinct colours. By using
matrix entries to specify colours (or blanks), each of the following matrices C'(¢) encodes
the partial colouring A(¢):

g c O ¢l Cy cC3 ¢ Cy ¢ c1 Cy C3
Cla)=|ce ¢ O|,C(b)=cs ¢ cao|,C(c)=|ca c1 ca2|,Clc)=|cs 1 c2
0 o C1 C2 O C1 U C3 C3 Cy C3 (1

Note that the partial colourings A(a) and A(b) are admissible, while A(c) and A(d)
are not.

Example 1.6. The partial colouring in Example is admissible if and only if d > 1.

1.4 Results I: preservation of ask zeta functions

The following theorem is the main result of the present paper. It states that relation
modules arising from admissible partial colourings have the same ask zeta functions as
their ambient modules. In fact, this remains true if the ambient module in question is
suitably embedded into a larger module of matrices. Let e;; be the elementary matrix
with an entry 1 in position (4, 7). Let O be a compact DVR with residue cardinality g.

Theorem A. Let A be an admissible partial colouring of [d] x [e]. Let u € Mgx.(O)
have unit entries. Let m, n, M, and M' C M be given by one of the rows of the following
table:
m n ‘ M M’
d e dee(D) Reldxe(A,u,D)
d+e d+e| Altgie(D) ARelgxe(A, u,O)
d+e d+e | Symy, . (O) SRelgue( A, u,O).

Let 1<m < - <rm<mandl <cp < - <cpy <N Let™: Mysn (D) — Mpxa(O)
be the embedding with &;; = €rc;- Let N C M xn(O) be an arbitrary submodule. Then

ask _ agl/(
ZJ\7+N(T) = ZanT):

Example 1.7. Let try(9) be the module of upper triangular d x d matrices over O. Let

d > 1. Then Theorem |[A] Example and Example show that tryq(9) and

teg(O) sly(D)

Ld(D) = l 0 ’t‘td(D) C ttgd(D)




have the same ask zeta function. In detail, we may take M = My(9O), M’ = sl3(O), N =

[ttd(()o) ttd(()D) }, and let *: My(9) — Maq(O) be the embedding a — [§ &] in Theorem

Using |26, Prop. 5.15(ii)], we then conclude that Zis;(g)(T) = 73 (D)(T) = (=g T

trog (1—T)2d+T1

Theorem [A] asserts that imposing suitable linear relations within modules of matrices
preserves associated ask zeta functions. Example illustrates that the former theorem
sometimes allows us to reduce computations of ask zeta functions to previous results in
the literature. In the same spirit, by taking /m = m, 7 = n, and N = 0 in Theorem [A]
and using Proposition we obtain the following.

Corollary B. If A is admissible, then Z?{sgldxe(A,u,D)(T) = W;;Zﬂ,m.

Using Example and Example we thus recognise Corollary [B] as a vast generali-
sation of Proposition |1.1(iv)

Corollary C. If A is admissible, then 23k, 1.,0/(T) = 4=b5—apy-

Corollary [C] has group-theoretic consequences; see

Corollary D. If A is admissible, then Z%%(eldXe(AuD)(T) = %.

While Corollaries [BHD] follow from Theorem [A] we will reverse the order and first
establish the former corollaries and only then prove Theorem [A]

Remark 1.8. Theorem our most general version of Theorem [A] will establish the
conclusions of the latter for more general admissible partial colourings (suitably defined)
of “alternating” or “symmetric” grids. The latter include partial colourings that do not
arise from a partial colouring of a rectangular grid (i.e. by imposing relations in a top
right block) as in Theorem |[Al This will, for instance, explain why the ask zeta function
of {z € Alt4(9O) : z12 + x23 + w34 = 0} coincides with that of Alt4(D); see Example

A natural follow-up problem that we shall not pursue here is to find analogues of
Theorem [A] and Corollaries BHD] for submodules of more general classes of ambient
modules. Inspired by [30], submodules of Mjx.(9), Alty(9), or Sym,(9) defined via
support constraints would provide an interesting class of such ambient modules. We will
see that Theorem [E]| below is a first step in this direction.

It is also natural to ask to what extent our admissibility assumptions are necessary for
the validity of our results above. It is possible to construct examples of non-admissible
partial colourings A and matrices u with unit entries such that the conclusion of Corol-
lary [B] holds. However, the authors do not know of an example of a non-admissible
partial colouring 4 such that the conclusions of Corollary [B] hold for all w.

1.5 Examples, non-examples, and rank distributions

We now describe several examples and non-examples of Corollary [B| that illustrate a
number of features, in particular pertaining to rank distributions within spaces of matrices
over finite fields as in from (For group-theoretic interpretations, see )



(a) admissible (b) non-admissible

Figure 2: Two partial colourings of [3] x [3]

Example 1.9. Let M(¢) = Relsx3(A(¢), O) for A(¢) as in Example By Corollary [B]
Z?\}k(a) (T) = Z?\f[k(b) (T) = % = ZR/SI';(D)(T). On the other hand, the conclusion of
Corollary [B|does not hold for either M (c) or M(d). Indeed, using the package Zeta [25}29]
for SageMath [33], we find that if O is a compact DVR with sufficiently large residue

characteristic and residue cardinality ¢, then Z?\f[k( o) (T') and Z?\flk( a) (T') are both of the form

1+ Ng 'T —2(N+1)q 2T + Nqg 3T 4 ¢ *T? N+1 N+1 N 2
=1+ (24— -2 —|r T
- )1 -T) P g tg)Trom)

where N = N(/, q). In detail, N(c,q) = 2 and N(d, ¢) is the number of roots of X2+ X +1
in F;. Thus, N(d,q) =2if ¢ =1 (mod 3) and N(d,q) = 0 otherwise. Hence, the average
size of a kernel within the image, M (d) say, of M(d) over the residue field of O is not
rational in ¢ and the number of matrices of rank 1 in M (d) is not polynomial in g.

Example 1.10. Consider the admissible partial colouring A of [3] x [3] given in Figure
Hence, for each commutative ring R,

Rel3><3(.,4, R) = {[$”] € Mg(R) X111 + Ty = T19 + T3z = X13 + 31
= X1 + 32 = 0}.

Using the methods for symbolically counting rational points on varieties from [27, §5]
and implemented in Zeta, we find that if ¢ is a power of a sufficiently large prime, then
the number, 71(q) say, of matrices of rank 1 in Rel3x3(A,Fy) is (N(q) +1)(¢ — 1), where
N(q) is the number of roots of X* + 1 in F,. In particular, r1(q) is not given by a
polynomial in ¢ (although it is a quasi-polynomial). This shows that while the modules
Relgxe (A, u, R) associated with admissible partial colourings A do exhibit all the features

described in and from we are forced to abandon

One of the key themes of [30] is the cancellation of arithmetically wild behaviour of
certain counting problems upon taking an average. In this spirit, relation modules can
be used to produce explicit examples of mildly wild instances of such cancellations.

Example 1.11. Let A be the non-admissible partial colouring given in Figure Hence,
R613><3(N, R) = {[ZE”] € M5(R) 1 X1 + T33 = T12 + T2 = 13 + Too + T30
= T93 +X31 = 0}.
Using Zeta, we find that if O is a compact DVR with sufficiently large residue characteristic,

then Zf{;gxs( N.O) (T) = %. Curiously, this formula coincides with the ask



ZE ﬂ C M3(9D); see |30, Prop. 5.10]. We cannot

* % O

zeta function of the “staircase module” [
at present explain this coincidence.

The rank loci of Relsx3(N,F,) are arithmetically richer than the tame formula for
ZESeleXS( N,D)(T) might indicate. Indeed, using Zeta again (similarly to Example ,
for almost all primes p and all powers ¢ of p, we find that the number of matrices of
rank 1 in Relsx3(N,Fy) is (N(¢) + 1)(¢ — 1), where N(g) is the number of roots of
f(X)=X4+X-1=(X?-X+1)(X>+X%-1) in F;. (The method for enumerating
rational points implemented in Zeta does not keep track of the finitely many primes that
need to be excluded. Although we will not need it, we note that experimental evidence
suggests that the above formulae for the numbers of matrices of rank 1 in Relzyx3(N, F,)
here and in Rel3x3(A, F,) from Example might in fact both be correct without any
restrictions on q.)

As p ranges over rational primes, N(p) is not constant on residue classes modulo any
number m > 1. This follows from class field theory. Namely, a number field K is abelian
if and only if the following condition is satisfied: there exist m > 1 and H C [m] such that
each sufficiently large rational prime p splits completely in K if and only if p is congruent
to an element of H mod m. (See |7, §5] or [14, §7].) To apply this here, let a,b € C with
a’?—a+1=0=0b>+b>—1. Using e.g. SageMath, we find that the Galois group of the
normal closure F of Q(a,b)/Q is non-abelian. By basic facts on factorisation in number
fields, a rational prime splits completely in E' if and only if it splits completely in Q(a)
and in Q(b). It then follows that a rational prime p > 0 satisfies N(p) = 5 if and only if
p splits completely in E, a property that is not characterised by congruence conditions
by the aforementioned result.

1.6 Results Il: class counting zeta functions of free class-3-nilpotent groups

Our final main result is a group-theoretic application of ideas underpinning Theorem [A]

Class counting zeta functions. Grunewald, Segal, and Smith [16] pioneered the study
of zeta functions in group theory. Over the following decades, a rich theory encompassing
numerous types of algebraically motivated zeta functions has emerged; see [34] for a
recent survey. The study of the following class of group-theoretic zeta functions goes
back to du Sautoy [9]. Let k(H) denote the number of conjugacy classes of a group H.
Let O be a compact DVR with maximal ideal 3. Let G be a group scheme of finite type
over . The class counting zeta function of G is the generating function

ZE(T Z k(G(O/P™)

In the literature, these and related functions are also called “conjugacy class” and “class
number” zeta functions. For recent work in the area, see [3,19}20,26}28,30].

Ask zeta functions as class counting zeta functions. Let M C Alt;(Z) be a submodule.
As explained in [30, §§1.2-1.3, 2.4], there exists a unipotent group scheme Gj; such that



Cao(T) = Zj‘\f}; (¢T) for each compact DVR O, where £ is the rank of M as a Z-module,
q is the residue cardinality of O, and My is the O-submodule of Alty(9) generated by M.
The group scheme Gy is unipotent of class at most 2 with underlying scheme A%M . For
odd prime powers g, the finite group Gps(F;) can be easily described in terms of the Baer
correspondence [1]; see |30} §2.4].

Let A = (A.)cec be an admissible partial colouring of [d] x [e]. Let M(A) :=
ARelgxe(A,Z) C Altgye(Z). If b denotes the number of colours ¢ € C with A, # &, then
M(A) has rank (*5¢) —b. Using Corollary , we thus conclude that for each compact

ey _g—e—b+1 .
DVR O as above, Z&, = o0(T) = (1 - ("2 )=d=e=b+1y /(1 — T)(1 — ¢T')). This can
e.g. be used to construct examples of non-isomorphic group schemes with identical asso-
ciated class counting zeta functions. While this constitutes an immediate group-theoretic

application of our results, our final main result (Theorem [E)) follows a different path.

Unipotent group schemes from Lie algebras. Let R be a (commutative) ring. For
further details on the following, see below. Let g be a nilpotent Lie R-algebra of
class at most ¢. Suppose that the underlying R-module of g is free of finite rank. Further
suppose that ¢! € R*. Then g naturally gives rise to a unipotent group scheme G over R
via the Baker-Campbell-Hausdorff series. For each R-algebra £ which is a compact DVR,
we may express the class counting zeta function of Z&, (7' in terms of the ask zeta
function associated with the (image of the) adjoint representation of g ® O.

Free nilpotent Lie algebras and associated group schemes. Let §. 4 be the free nilpo-
tent Lie Z[1/c!]-algebra of class at most ¢ on d generators. (This algebra can be described
explicitly in terms of Hall bases; cf. [24, Ch. 4].) Let F. 4 be the associated unipotent group
scheme over Z[1/c!]. For each prime p > ¢, the group F.4(Z,) is the free nilpotent pro-p
group of class at most ¢ on d generators. The class counting zeta functions associated
with the group schemes F. 4 are of natural interest, in particular due to recent work of
O’Brien and Voll |22, §§2,5] on “class vectors” and “character vectors” of F. 4(F,).

Class counting zeta functions of F.,. Apart from trivial cases (¢ <1 or d < 1) and
the example F3 9 (see below), the class counting zeta functions associated with F. 4 have
only been previously known for ¢ = 2:

Proposition 1.12 (|20, Cor. 1.5]; [28, Ex. 7.3]). Let O be a compact DVR with odd
residue cardinality q. Then

d—1

1-q®T7)1 - ¢y

IC:C2,d®D (T) -

We note that one can construct a natural group scheme associated with any finitely
generated free class-2-nilpotent Lie algebra over Z (whose underlying Z-module is free of
finite rank); see [32, §2.4]. That is, in case of nilpotency class 2, it is not necessary to
pass to the ring Z[1/2]. The preceding proposition extends to even residue characteristic.

10



Theorem E. Let p > 5 be a prime and let ¢ = pf. Let O be a compact DVR with residue
cardinality q. Then:

(1 _ q(d—1><d32+d—3> T) (1 _ q(d—2>g(d+2) T)
'c:ce,,d®)3 (T) = (d—1)d(d+1) d3_d+3 (2d2+3d—11)d : (%)
(1 _g s T) (1 _ = T) (1 g T)

Example 1.13. For d = 2, becomes

1-T
N (i)
in accordance with [26, §9.3, Table 1].

In the setting of Theorem [El we may rewrite more conveniently as Z%U@D (T) =
(d—2)d(d+2)

Walg, g3 T), where Wy(X,T) = U—D(A=XT) __  In particular,
(1-X47) (1-xd+1T) (17X(2)T)

d

Faeo(T) =1+q @) + ¢ g —g—1) T+ O(T?) (1)
and the class number k(F3 4(F)) is the coefficient of T in (f)). O’Brien and Voll [22,
Thm 2.6] showed that for all ¢ and d, there exists an explicit f.4(X) € Z[X] such that
k(Fcq(Fq)) = fe.a(q) whenever ged(q, ¢!) = 1. Our formula for k(F3 4(F,)) in () agrees
with theirs for ¢ = 3.

(d—2)d(d+2)
T

Linear relations with disjoint supports and Theorem [l We will now sketch how
Theorem [E] fits into our study of linear relations with disjoint supports. First, it turns out
to be advantageous to attach ask zeta functions not merely to modules of matrices but,
more generally, to “module representations”: homomorphisms from abstract modules
into Hom-spaces. One major advantage of this point of view is that it provides a natural
framework for operations dubbed “Knuth dualities” in [28]. (We may think of these
dualities as analogues of the classical identity k(H) = # Irr(H) for finite groups H.)

Turning to Theorem [E| let a; be the largest Z[1/6]-algebra which is generated by d
elements and which satisfies the identities v? = 0 and v(w(zy)) = 0 (“class-3-nilpotency”)
for all v, w, z,y. We may identify 3 4 = a4/jq, where jq is the ideal of a4 corresponding to
the Jacobi identity. Taking &4 to be the “e-dual” (see of the adjoint representation
of f3 4, we may express the class counting zeta function of F3 4 ®© in Theorem @ in terms
of the ask zeta function attached to &4 over . We similarly define ay as the e-dual of
the adjoint representation of ay. Up to harmless transformations, we may think of &4 as
the restriction of oy to a submodule. In terms of matrices, this submodule is obtained
by imposing linear relations with unit coefficients and disjoint supports, one for each
unordered triple of defining generators of az. The machinery developed in this article
then allows us to show that ay and &4 give rise to the same ask zeta functions.

It then only remains to determine the ask zeta functions associated with ay. We will see
that this problem has already been solved in [30]. Indeed, ay turns out to (essentially) be
an “adjacency representation” of a threshold graph as in [30, §8.4], and this observation
will allow us to finish our proof of Theorem [E]
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Remark 1.14. We now briefly explain why in our work towards Theorem [} we restricted
attention to nilpotency class 3. Our definition of a4 naturally extends to higher nilpotency
class ¢, giving rise to Z[1/c!]-algebras a. 4. We can then identify f.4 = acq/ic,q, where
je,a encodes the Jacobi identity. Similarly, we can define o, g4 and &4, extending the
definitions of ay and &4 from above.

As we will see in §4.2, what allows us to essentially view A3 4 as a restriction of ag 4 is
the fact that j3 4 is central in a3 4. This condition is hardly ever satisfied in higher class.
Indeed, we leave it to the reader to verify that for ¢ > 4, the ideal j. 4 is central in a. 4
if and only if d < 2. This leaves us with the case (¢,d) = (4,2) as the only interesting
candidate for a direct extension of Theorem [E] However, our successful strategy in class 3
fails here since ay 2 and &4 2 turn out to give rise to different ask zeta functions.

We note that using Zeta, we find that for almost all primes p and all powers ¢ of p, if
9 is a compact DVR with residue cardinality ¢, then

cc (T) = q7T3 — q6T2 — q5T2 + q4T2 + q3T — qu —qT'+1
Framoit s (1-¢"T?)(1 - ¢'T)? '

1.7 Examples, non-examples, and rank distributions—reprise

As our final remark on rank distributions in the spirit of from , we now briefly
explain how the modules in Examples give rise to group actions with simple
orbit structures, but arithmetically interesting numbers of fixed points.

Two perspectives on orbits. Let G be a finite group acting on a finite set X. By the
Cauchy-Frobenius lemma, we can express |X/G| in terms of the numbers of elements
of G with prescribed numbers of fixed points. Alternatively, we may express | X/G| in
terms of the numbers of elements of X that belong to G-orbits of prescribed sizes.

Average sizes of kernels and linear orbits. Apart from conjugacy classes, average sizes
of kernels are also related to counting orbits of unipotent linear groups; see |26, §8]. We
briefly recall the elementary part of this connection. For a module N C Myx.(R) over a
ring R and z € R?, let cy(z) := {n € N : 2n = 0}. Let M C Myx.(Z) be a submodule.
Let Lys be the group scheme with Ly (R) = M ® R (additive group) for each commutative
ring R. The action (z,y)m = (z,zm+y) of M on Z+¢ = Z4 & Z¢ naturally extends to an
action of Lys on A%Fe. Let -r: M ® R — Mgy.(R) be the natural map and let My denote
its image. The set of fixed points of m € Ly/(R) on R+ is Ker(mp) @ R°. Let R be
finite. Then, by the Cauchy-Frobenius lemma, Lys(R) has |R|® ask(Mpg) orbits on R *¢;
cf. [26, §2.2]. The Lys(R)-orbit of (z,y) € R has size |[Mg/car, (x)]. We conclude that
the elements of Ly, (F,) with precisely ¢°T* fixed points on Fg+€ are precisely those whose
images in My, have rank d — 4. Similarly, the Ly (Fg)-orbit of (z,y) € Fg*e consists of
precisely ¢* elements if and only if dimg, (Mp,/ crg, (2)) = 4. The latter condition can
also be expressed in terms of the rank loci of a matrix of linear forms; cf. [26], §4.3.5].
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Non-polynomiality, orbits, and fixed points. Let A be a partial colouring of [d] x [e].
By minor abuse of notation, write L4 := Lgel,, (4,z)- It is easy to see that we may
identify L4(R) = Relgxe(A, R) for each commutative ring; cf. Lemma In particular,

we may identify L 4 and the subgroup scheme R [(1) Reldxi(A’R)} of GLg4e.

Let ¢ be a prime power. Clearly, L4(F) fixes each element of {0} x Fg. Moreover, if
A is admissible, then it will follow from our proof of Corollary [B] that the orbit of each
(x,y) € Fg+e with x # 0 has size ¢°. (See Corollary and Theorem )

Let A be as in Example Then L4(F,) fixes precisely ¢® elements of Fg, and the
remaining ¢° — ¢* elements all have L4(F,)-orbits of size ¢*. (Hence, [FS/L4(F,)| =
@+ (¢® — ¢*)/¢®> = 2¢® — 1.) On the other hand, Example shows that the number
of elements of L 4(F,) with precisely ¢° fixed points on Fg depends on ¢ modulo 8.

Next, let N be as in Example Let (z,y) € FS with z # 0. We leave it to the reader
to verify that the La(F,)-orbit of (x, y) consists of precisely ¢ points, unless z; = z2 = w3,
in which cases this orbit consists of ¢ points. (Hence, |F2/LN(Fq)| =2¢° +¢* — 2¢.)
On the other hand, Example shows that the number of elements of L4(F,) with
precisely ¢° fixed points on FS does not depend quasi-polynomially on q.

1.8 Outline

In we recall basic facts on module representations and ask zeta functions. Our
approach revolves around what we call orbit modules, a concept based on a “cokernel
formalism” developed in [30, §2.5]. In §3| we introduce orbital subrepresentations of
module representation. These provide a sufficient condition for proving equality between
ask zeta functions in terms of Fitting ideals of orbit modules. Reversing the order of our
exposition from above, in §4 we then prove Theorem [E] by implementing the strategy
outlined in Our proof will motivate several techniques developed in later sections.

Our proof of Theorem [A]is based on a recursion involving the deletion of rows and
columns of matrices. In we develop an abstract formalism for studying the effects
of these operations on orbit modules within coherent families of module representations.
In §6] we then use partial colourings to impose linear relations with disjoint supports
and unit coefficients on modules occurring in suitable coherent families of module
representations. This, in particular, yields a proof of Corollary The final §7] is
devoted to linear relations among entries of alternating and symmetric matrices. The
key ingredient is a general notion of admissibility for partial colourings. This concept
takes the form of a “board game” played on partially coloured grids. A recursion inspired
by our proof of Corollary [B] then yields proofs of Corollaries [CHD] Finally, we combine
several of our results and deduce Theorem [Al
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Notation

Sets and maps. We write [d] := {1,2,...,d}. The symbol “C” indicates not necessarily
proper inclusion. Maps usually act on the right and are composed from left to right. If
a: A — B and B’ C B, then we denote the preimage of B’ under 8 by B/3~. We denote
the set of k-element subsets of A by (’2) and the set of all finite subsets of A by P¢(A).

Rings and modules. All rings are assumed to be associative, commutative, and unital.
Throughout, R is a ring and O is a discrete valuation ring (DVR) with maximal ideal 8.
When O is compact, we write ¢ for the residue cardinality of . We denote the free R-
module on a set A by RA. To avoid ambiguities, we often write e, for the element of RA
corresponding to a € A. We identify R = R[d]. For x € RA, we write 2 = 3 ,c 4 Ta€a
(xa € R). For a< R, we also write aA = )7 c,ae, C RA. Let I and J be finite sets.
We regard the elements of I and J as the row and column indices of the elements of
Hom(RI, RJ), regarded as I x J matrices. Let ¢ € I, and j € J. When the reference
to I is clear, we let €] € (RI)* be the functional with ejef = §;; (“Kronecker delta”).
We write e;; := efe; € Hom(RI, RJ) for an “elementary matrix”. We let X := (X;)ier
consist of algebraically independent elements over R.

Further notation

Notation comment reference
inc, ret, inf, res | inclusion, retraction, inflation, restriction §§2.1|7 5.1

65 | extension of scalars
e o | Knuth duals
ask(6), ZaSk( ) | average size of kernel, ask zeta function
X (m, @), orbit(#), Orbit(#) | orbit modules
Sz, M, | specialisation of a ring or module Remark [2.2
Fit;(M) | Fitting ideal

Q1,.J), Q(1,J) | Orbit(6(1,J)), I, .J) ®rpx,) RIXF]

P, p(1,J) | generic matrices Example [5.5
E(I,J), I, v(I,J) | alternating matrices Example [5.6
S(I,J), X, o(1,J) | symmetric matrices Example [5.7

B[B] | colours contained entirely in B
Rel(B J/ B) | relation module Definition 6.1

0/ B, © ) B | restrictions to relation modules
B(I,J) | induced partial colouring Definition [6.7

G(I,J) | grid wr.t ©

e_5> move Definition |7.6
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B7 | transpose partial colouring 7.3|
B | “(anti)symmetrisation” of Definition 7.22

2 Average sizes of kernels and orbit modules

We summarise the basics of “ask zeta functions” using the formalism from [28] and [30].

2.1 Module representations

For more about most of the following, see |28, §§2, 4].

Basics. A module representation over R is a linear map 6: M — Hom(N, O), where
M, N, and O are R-modules. For an R-algebra S, we let °: M ®S — Hom(N®S,0®5)
be the induced extension of scalars of 6 given by (m ®5)0° =mf®s (m € M, s € S).
Let 6': M’ — Hom(N’,O’) be another module representation over R. A homotopy
0 — ¢’ is a triple of linear maps (u: M — M',¢: N — N’ 1p: O — O’) such that that for
all m € M, (m0)y = ¢((mp)d’). Homotopies can be composed as expected. An isotopy
is an invertible homotopy. We say that 6 and ¢’ are isotopic if an isotopy 6 — 6’ exists.
We will often only be interested in module representations up to isotopy.

Matrices I. FEach module of matrices M C Mgy, (R) gives rise to a module representation
M < Mgxe(R) = Hom(R? R®). In this article, our main focus will be on module
representations 6: M — Hom(RI, RJ), where I and J are finite subsets of N and M is
free of finite rank (but perhaps without a canonical basis). Under such a 6, each element
of M is sent to a matrix with rows indexed by I and columns indexed by J. This setup
allows us to conveniently add or delete rows or columns without relabelling indices.

Let 0: RB — Hom(RI, RJ) be a module representation involving free modules with
given bases. Let Xp = (X})pep be algebraically independent over R. Then 6 gives rise to
an I x J matrix A(Xp) = [> ycp Xvanijlicr,jes such that for each b € B, [ayijlicr jes is
the matrix of e with respect to the given bases I and J. Conversely, any I x J matrix
A’(Xp) whose entries are homogeneous linear forms from R[Xp] gives rise to a module
representation RB — Hom(RI, RJ) by specialisation x — A’(z). Up to isotopy, these
constructions are mutually inverse.

Knuth duality. (See |28, §4].) Let (-)* = Hom(-, R) denote the dual of R-modules. Each
module representation §: M — Hom(N, O) over R gives rise to its Knuth duals

°: N —— Hom(M,O), n+— (m — n(md)) and
0*: O* —— Hom(N,M™), w(n— (m— (n(mb))w)).

Suppose that M = RB, N = RI, and O = R.J, where B, I, and J are finite. Let
A(XB) = [XpeB Xvavijlicr,jes be the matrix of linear forms associated with 6 as above.
Then C(X7) := [>;cr Xiavijloep jes is the matrix of linear forms associated with 6°.
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Using dual bases, we may regard 6°® as a module representation RJ — Hom(RI, RB).
The matrix of linear forms associated with 6° is then B(X ) := [30;c s avijlicrpeB-

Restriction and inflation. For sets A C B, let inc = inc4 p denote the inclusion RA —
RB. The retraction map ret =retp 4: RB — RA fixes A elementwise and vanishes on
B\ A. Let I c I and J C J. Let §: M — Hom(RI, RJ) and §: M — Hom(RI, RJ) be
module representations. The (I, .J)-restriction of 6 is the composite

Hom(inc,ret)

resy?(0): M Hom(RI, R.J)

Hom(RI, RJ)

In terms of matrices, for 7 € M, the matrix of m resﬂi(é) is obtained from that of 6
by deleting all rows except those in I and all columns except those in J. Dually, the
(I, J)-inflation of 6 is the composite

Homy(ret,inc)

infl-7(0): M Hom(RI, R.J)

Hom(RI, RJ)

If I =.J and I = .J, we also simply write inf{(&) = inf{:i(&).

Matrices Il.  Let ¢ and 6 be as above with M = RB and M = RB. Write X = (Xb)oeB
and X = (Xj)zcp- Let A(X) and A(X) be the matrices of linear forms associated with 6

and #. Then the matrix of linear forms associated with res{’g(é) is obtained from A(X)
by deleting all rows indexed by I\ I and all columns indexed by J\ J. Dually, the matrix

of linear forms associated with inf?j(@) coincides with A(X) in positions indexed by
I x J and has zero entries elsewhere.

2.2 Orbit modules and average sizes of kernels

The following collects and combines material from [26, §§3-4], |28, §§3, 5], and [30} §2].

Average sizes of kernels. Let 6: M — Hom(N, O) be a module representation. If M
and N are both finite as sets, we define

ask (6 Z |Ker(mo)|
meM
to be the average size of the kernels of the elements of M acting on N via 6. Note that

ask(6) only depends on the image M6 C Hom(N, O).

Orbit modules. Let I and J be finite sets. Let 6: M — Hom(RI, RJ) be a module
representation. For x € RI, x(M6) = {xz(m#) : m € M} C RJ is the additive orbit
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of z under M acting via 0. Let X := (X;);er consist of independent variables over R.
Write

=Y Xiei(mo"N) € RIX;)J (m e M), (2.1)
el
where we identified M C M ® R[X[| via the natural embedding. Let orbit(d) :=
(X (m,0) :me M) < R[X1]J.
Definition 2.1. The orbit module of § is Orbit(0) := R[X]J /orbit(0).

Equivalently, Orbit() is the cokernel of the map M ® R[X;] — R[X;]J induced by
M — R[X1]J, m — X (m,§6).

Remark 2.2.

(i) Strictly speaking, orbit(f) and Orbit(6) not only depend on € but also on the basis I.
Moreover, Orbit(#) only depends on M6, not on 6 itself.

(ii) Orbit(@) specialises to quotients by additive orbits as follows. Let S be an R-algebra
and x € SI. Let S, denote S regarded as an R[X]-module via X;s = z;s (s € 5).

For an R[X;]-module M, write M, = M ®p(x,] Sz- Then Orbit(0), ~ W.

(Similarly to the second proof of [26, Lemma 2.1], one may then relate orbit modules
to orbits of linear group actions as in )

(iii) If R — S is a ring map, then we may identify Orbit(6°) = Orbit(6) ®Rx,) S[X1]-

Lemma 2.3 (Cf. [30, §2.2]). Let 6: RB — Hom(RI, RJ) be a module representation,
where B, I, and J are finite. Let C(X) be the matrixz of linear forms associated with 6°
(w.r.t. the given bases) as in §2.1 Then Orbit(6) = Coker(C(X7)).

The role of orbit modules in the study of average sizes of kernels is due to the following.

Lemma 2.4 (Cf. |30, §2.5]). Let S be an R-algebra which is finite as a set. Then

ask(0°) = >~ |Orbit ()
| SJ| z€ST

Ask zeta functions. Let O be a compact DVR with residue cardinality ¢ and maximal
ideal B. Let 6: M — Hom(N, O) be a module representation over O, where M and N
are finitely generated.

Definition 2.5. The ask zeta function of 6 is the formal power series

Z3K(T Z ask(0°/F" )"
n=0

Denoting the inclusion of a submodule M — Hom(N, O) simply by M, this notation
is consistent with that from the introduction. Lemma has the following analogue.
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Proposition 2.6. Let 0: M — Hom(OI,9D.J) be a module representation over O, where
I and J are finite sets and M is finitely generated. Let d :=|I| and e := |J|. Then for
all s € C with Re(s) > 0,

—s\ zask/ —s —1\—1 s—d+e— .
(1-¢)ZF ") =1+ (1-q") / [y* =+ [Orbit(8)e ® O /y| dpa(z, y),
(ON\PI)xP
where p denotes the normalised Haar measure on DI X 9.

Proof. Combine |26 Prop. 4.17] and [30, Cor. 2.10]. ¢

The computation of the integral in Proposition [2.6]is particularly simple whenever the
isomorphism type of Orbit(#), is independent of z.

Corollary 2.7 ([26] §5.1], 28, §3.6]). Let the notation be as in Proposition[2.6. Suppose
that there exists £ > 0 such that for all x € OT \ BI outside of a set of measure zero, we

. _Ll—e
have Orbit(0), ~ OF. Then Z(afk(T) = (17T§(1q,qe+z;—eT)- ¢

The bulk of the present article is devoted to showing that large and interesting classes
of module representations satisfy the assumptions in Corollary for { =0or ¢ =1.

3 Orbital subrepresentations of module representations

As a key ingredient of Theorem [A] and Theorem [E] we formulate a sufficient condi-
tion which ensures that restricting a module representation M — Hom(RI, RJ) to a
submodule M’ C M preserves associated ask zeta functions.

Throughout this section, we assume that all modules are finitely generated and all sets
I, 1, J, and J are finite.

3.1 Orbital subrepresentations

Let : M — Hom(RI,RJ) be a module representation. If M’ C M is a submodule
and 0" denotes the restriction of § to M’, then orbit(#’) C orbit(f). We therefore obtain a
natural R[X;]-module epimorphism Orbit(#") — Orbit(6).

Definition 3.1. ¢’ is an orbital subrepresentation of 6 if for each R-algebra O which
is a DVR and each x € OI \ Bl with [[z # 0, the natural map Orbit(6") — Orbit(0)
induces an isomorphism Orbit(¢’), = Orbit(f), of O-modules by specialisation.

Proposition has the following immediate consequence.

Lemma 3.2. Let 0" be an orbital subrepresentation of 6. Let O be an R-algebra which
is a compact DVR. Then nggk(T) = Z?;k)D(T). ¢

We will now derive a number of equivalent characterisations of orbital subrepresen-
tations that we will use in this paper. Recall that a module M is hopfian if each

epimorphism of M onto itself is an automorphism.
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Proposition 3.3 (|31, Tag 05G8]). Finitely generated modules over (commutative) rings
are hopfian.

We may thus relax Definition [3.1] as follows.

Corollary 3.4. Let 0 and 0’ be as above. Then 0" is an orbital subrepresentation of 0
if and only if Orbit(0), ~ Orbit(#"), for each R-algebra O which is a DVR and all
x € O\ *BI with [Tx #0.

Proof. Proposition implies that if Orbit(6’), ~ Orbit(0),, then the natural epimor-
phism from the first onto the second of these modules is an isomorphism. ¢

Moreover, the restriction to € OI with z ¢ BI in Definition [3.1] is also unnecessary.

Lemma 3.5. Let ' be an orbital subrepresentation of 0: M — Hom(RI, RJ). Let O be
an R-algebra which is a DVR and let x € OI with [[x # 0. Then the natural epimorphism
Orbit(0") — Orbit(0) induces an isomorphism Orbit(0'), ~ Orbit(6),.

Proof. Let w: R[X;]J — Orbit(#) and w’': R[X]J — Orbit(#') be the natural maps.
Write © = ry for r € O\ {0} and y € OI \ PI with [[y # 0. Let U := Ker(w,)
and U’ := Ker(w,,) so that U" C U C OJ. By Proposition and as @' is an orbital
subrepresentation of §, U = U’. By the definition of orbit(#), Ker(w,) = rU and
analogously Ker(w!) = rU" = rU. Thus, Orbit(¢'), ~ Orbit(#), and the claim follows
from Corollary [3.4 ¢

We may also characterise orbital subrepresentations using orbit(-) instead of Orbit(-).

Lemma 3.6. Let 0 be the restriction of 6: M — Hom(RI, RJ) to a (finitely generated)
submodule of M. Then €' is an orbital subrepresentation of 6 if and only if the following
condition is satisfied: for each R-algebra £ which is a DVR and each x € DI with
[1x # 0, the images of orbit(0) @pgx,) O and orbit(0') @prx,) Ox in OJ coincide.

Proof. Sufficiency of the condition is clear. Let 6’ be an orbital subrepresentation of #. Let
U and U’ be the images of orbit(f) ®gx,) D and orbit(0') @ gix,) O in OJ, respectively.
AsU' C U and ©J/U ~ OJ/U’ by Lemma [3.5 Propositionshows that U =U". ¢

3.2 Fitting ideals

We recall properties of Fitting ideals and provide an indication of their relevance here.

Let M be a finitely presented R-module. Choose A € M, xn(R) with M ~ Coker(A).
The ith Fitting ideal Fit;(M) of M is the ideal of R defined as follows. For i = 0,...,n,
Fit;(M) is generated by the (n — i) X (n — i) minors of A; for i > n, Fit;(M) := R.
For more about Fitting ideals and a proof that they are independent of the chosen
presentation, see [12, §1], [10, §20.2], [21} §3.1], or [31, Tag 07Z8].

Example 3.7 (|31, Tag 07ZB]). Fit;(R™) =0 for ¢ < n and Fit;(R") = R for i > n.
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Proposition 3.8 (|31, Tag 07ZA]).
(i) If M can be generated by n or fewer elements, then Fit;(R) = R fori > n.

(ii) If Q is a quotient of M, then Fit;(M) C Fit;(Q).

(iii) If S is an R-algebra, then Fit;(M ® S)< S is generated by the image of Fit;(M).
Definition 3.9. We say that finitely presented R-modules M and N are Fitting equiv-
alent if Fit;(M) = Fit;(IV) for all 4 > 0.

Proposition 3.10 (Cf. |12, Satz 10]). Let R be a PID. Let M and N be finitely generated
R-modules. Then M and N are isomorphic if and only if they are Fitting equivalent.

Our proof of Theorem [E] will rely on the following.

Corollary 3.11. Let : M — Hom(RI, RJ) be a module representation. Let M' be a
finitely generated submodule of M and let 8" denote the restriction of 6 to M'. If Orbit(6)
and Orbit(0") are Fitting equivalent, then 6’ is an orbital subrepresentation of 6.

Proof. Combine Corollary Proposition [3.§(iii), and Proposition ¢

3.3 New orbital subrepresentations from old

Later on, we will use the following two recipes for constructing orbital subrepresentations.
Recall the definition of an inflation of a module representation from

Lemma 3.12. Let I C I and J C J be finite sets. Let §: M — Hom(RI,RJ) be a
module representation and let §': M' — Hom(RI, RJ) be an orbital subrepresentation

of 0. Let 6 := inff:j(ﬂ) and 0 := inf?f(@’) . Then 0 is an orbital subrepresentation of 6.

Proof. As orbit(f) is the R[X7]-span of the subset orbit(¢) C R[X7]J, the natural map
R[X;]J = R[X;]J @ R[X;](J\ J) — Orbit(¢) induces an isomorphism Orbit(§) =~
Orbit(0) ® gix,) R[X}] S R[X;](J\J). Let O be an R-algebra which is a DVR. Let & € OT
with [[Z # 0 and let # € OI be the image of Z under ret: OI — OI (see . Then
Orbit(6)z ~ Orbit(#), ® O(J \ J) as O-modules and analogously for §’. The claim now
follows from Corollary [3.4] and Lemma [3.5 ¢

Let (My)aeca be a family of finitely generated R-modules. For a € A, let 6,: M, —
Hom(RI, RJ) be a module representation. Let [Ha]ge 4 be the module representation
@Doca Mo — Hom(RI, RJ) which sends (mq)aca t0 D ca Maba € Hom(RI, RJ).

Lemma 3.13. Fora € A, let 0/, be an orbital subrepresentation of 0,. Then [0),]}_ 4 is
an orbital subrepresentation of [0a) ) 4-

Proof. Let 6 := [0,])c4 and €' := [0,]]_4. For m = (ma)eeca € Bues Mo, X(m,0) =
> aca X (mq,0,) and thus orbit(8) = 3, 4 orbit(6,); analogously for €. Let O be an
R-algebra which is a DVR and let « € OI with [J[z # 0. For a € A, as 6/, is an
orbital subrepresentation of 6,, by Lemma the images of orbit(f,) ®g|x,) O and
orbit(6f,) ® pix ;1O in OJ coincide. The same then applies to the images of orbit(6) ® p[x
9, and orbit(8) ®@R|x,) O« Whence the claim follows from Lemma ¢
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4 Free class-3-nilpotent groups and the Jacobi identity

In this section, we prove Theorem |E| and we anticipate some of the ideas and techniques
that will eventually lead to our proof of Theorem [A] in

4.1 Class counting and ask zeta functions

We briefly describe the use of Knuth duality (see in the study of ask zeta functions
of adjoint representations. We also recall a relationship between the latter functions and
class counting zeta functions of unipotent groups.

Ask zeta functions of adjoint representations. Given an R-algebra A, not necessarily
associative, the R-submodule A? := (zy : z,y € A) is a 2-sided ideal of A. The
centre of A is the 2-sided ideal Z(A) := {z € A : 24 = Az = 0}. The (right)
adjoint representation of A is the module representation ad 4: A — Hompg (A, A),y —
(v — xy). Let Z C Z(A) and A> C D C A be submodules. Then ady induces
a module representation A/Z — Hom(A/Z,D) whose e-dual (see §2.1) is a: D* —
Hom(A/Z,(A/2)*),8 = (z+ Z = ((y + Z — (zy))))).

Lemma 4.1. Let each of A, A/Z, Z, and D be a free R-module of finite rank. Let O
be an R-algebra which is a compact DVR. Then Z:Z'é (T) = ZZ%‘(Q’"T), where 7 = rkr(Z).

Proof. This follows from [28, Cor. 5.6] and [26, Cor. 2.3]. ¢

For an explicit description of «, choose bases to identify D = RD and A/Z = RA. Let
D* be the corresponding dual basis. For a,a’ € A, let eqeqr = > 4cpm(a,ad’,d)eg in A;
that is, m(a,d’,d) = (eqeqr)e). Then « is the module representation

RD* — Hom(RA, (RA)*), ej— (ea — (eq — m(a, a’,d))).

Class counting zeta functions of unipotent group schemes. We sketched the following
in Let g be a nilpotent Lie R-algebra of class at most ¢ whose underlying R-module
is free of finite rank. Suppose that ¢! € R*. Let exp(g) be the group attached to g via
the Lazard correspondence. That is, the underlying set of exp(g) is g and the group
multiplication is given by the Baker-Campbell-Hausdorff formula. For an R-algebra S,
let G(S) :=exp(g ® S). Then G “is” (i.e. represents) a group scheme over R.

Proposition 4.2 ([28, Cor. 6.6]). Let O be an R-algebra which is a compact DVR. Then

o0 (T) = Z23(T).

4.2 Free class-3-nilpotent Lie algebras: discarding the Jacobi identity

By Proposition the class counting zeta functions in Theorem [E] are ask zeta functions
associated with adjoint representations of free class-3-nilpotent Lie algebras. We will
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now see that we may replace the latter by free class-3-nilpotent algebras (not necessarily
associative) that merely satisfy the identity 22 = 0—that is, we may discard the Jacobi
identity.

Notation for sets of natural numbers. To simplify our notation, in this section (and
only here), for h,i,j,k € N with i < j < k, we write {i < j} = {i,j}, {i < j <k} =
{i,j,k}, and (hyi < j) = (h,{i,j}) € N x (3).

Defining the algebra A(I). For I € P;(N), let A(I) be the largest not necessarily
associative Z-algebra generated (as an algebra) by symbols e; for i € I and which satisfies
the identities 22 = 0 and 2 (z2(z324)) = 0 for all o, x1, 29, r3, 4. Explicitly, we may
write A(I) = ZI ® Z(1) @ Z(I), where Z(I) := Z(I x (1)) is central and for h,i,j € I
with i < j, we have eje; = ef;;y and epeq;jy = epicjy € Z(1).

Defining A(I): free class-3-nilpotent Lie algebras. The Jacobi ideal of A([) is

L 1
J) = <e(z‘,j<k) — €(ji<k) T €hicj) P {1 <j<k}e€ <3>> c Z(I).

V/
Note that J(I) is a direct summand of Z(I) as a Z-module and that J(I) and

Z(I)/J(I) are both free. Let : A(I) - A(I) := A(I)/J(I) be the quotient map. It is
easy to see that the Jacobi identity x(yz) + y(2x) 4+ z(xy) = 0 holds for all x,y, z € A(I).
We conclude that A(7) is the free nilpotent Lie Z-algebra of nilpotency class at most 3

(freely) generated by the e; (i € I).

The adjoint representations of .A() and A(I): defining a(I) and &(I). Let D(I) :=
A(I)? and D(I) := A(I)%. Clearly, D(I) = Z(}) @ 2(I) and D(I) = Z(}) @ 2(1),
where Z(I) := Z(I)/J(I). In particular, the Z-modules D(I) and D(I) are both free.
As in the adjoint representation of A(I) gives rise to a module representation

A(I)/2(I) — Hom(A(I)/Z(I),D(I)). Let
a(I): D(I)* — Hom(A(I)/Z(I), (A(I)/Z(I))")

be its e-dual. By “adding ~s”, we analogously define &(I). Since J(I) C ( ), W

may canonically identify A(I)/Z(I) = A(I)/Z(I). We may further identify D(I)* =
(D(I)/J(I))* and the “orthogonal complement” J(I)* C D(I)*; see e.g. |4, Ch. 11, §2,
no. 6] In the following, we thus regard &(I) as the restriction of «(I) to D(I)* C D(I)*.

Relating a(7) and &(I). The following result, proved below, is the main contribution
of this section towards a proof of Theorem

Proposition 4.3. &(I) is an orbital subrepresentation of a(I) for each I € P¢(IN).

Note that a(I) = &(I) if and only if |I| < 3. We may thus assume that |I| > 3 in the
following. In fact, the first step of our proof will be a reduction to the case |I| = 3. We
first record the following consequence of Proposition
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Corollary 4.4. Let O be a compact DVR with residue cardinality q. If ged(q,6) = 1,
then

d+1
o aen(T) = 2o (@3)T).
Proof. Clearly, Z([d]) and J([d]) are free Z-modules, the latter of rank (%) and the former

of rank d(g) - (g) 2(d'§1). The claim thus follows from Proposition Lemma,

and Lemma 3.2
In the final stage of our proof of Theorem [E| in we will then interpret a([d]) in

terms of “adjacency representations” of threshold graphs from [30].

An explicit description of «(I). By choosing bases, we can describe /(1) more explicitly
as follows. Let |D(I) := (é) U (I x (g)) (disjoint union). Using the notation for subsets

of N from above, D(I) has a Z-basis consisting of the elements e(;;y for {i < j} € (})
and e, ;) for (h,i < j) €I x (é), let the ef;_;, and efj ;) comprise the corresponding

dual basis of D(I)*. Using said dual basis, we henceforth identify D(I)* = Z D(I).

Let |B(I) := I U (3)| (disjoint union). The images of the e; and the ef;; form
a basis of A(I)/Z(I). By identifying (A(I)/Z(I))* = A(I)/Z(I) = ZB(I) via the
corresponding dual bases, we regard «(I) as a map ZD(I) — Hom(ZB(I),ZB(I)).
EXphCitly, e{i<j}a(I) =€ — €y and e(h7i<j)a(l) = eh’{Kj} - e{i<j}7h. The following is
clear; recall the definitions of ret and inc from

Lemma 4.5. Let I C I € Pg(N). Then the following diagram commutes:

Hom(Z B(I), Z B(I))

incf lHom(ret,inc)

5 Hom(zB(1), Z.B(])). .

An explicit description of &(I). Prior to describing &(I) (similarly to «(I) from above),
we first investigate D(I)*. To that end, we will use the following simple observation.
Lemma 4.6. Let a = [a;;] € Mgxe(R). Forj=1,...,e,letX; :={i:1<i<d, a5 # 0}
be the support of the jth column of a. Suppose that ¥; N X, = & for j # k. Further
suppose that each non-zero entry of a is a unit of R.

(i) Let J := {j : ¥; # @}. For each j € I, choose o(j) € ¥;. Then the following
elements of R? comprise a basis of Ker(a):

ajj . . . ‘
ei — —T—e,j) (j€JieX;i#o(j)),
Qo ()]
€; (1<i<d,i€21U---UZe).

Moreover, R = Ker(a) & (ey(;) : j € J).
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(ii) Let B be a basis of Ker(a) as in[(i] Let S be an R-algebra. Then the natural
map Ker(a) ® S — Ker(a ® S) (induced by Ker(a) — R — S%) is an S-module
isomorphism and the images of the elements of B in S form an S-basis of Ker(a®.).

Proof. Part [(i) is clear. Let B be a basis as defined there. As B is an R-basis of Ker(a),
B ® S is an S-basis of Ker(a) ® S. By applying |(i)| to a ® S over S, we see that the
natural map Ker(a) ® S — S% maps B® S onto an S-basis of Ker(a ® 9). ¢

Lemma 4.6 shows that D(I)* = J(I)* € D(I)* (see above) has a basis consisting of
the following elements of D(I)* = Z D(I):

o I
€lici}y  €(ii<y)r  €(ji<y)s {i<j}e 1k

, (4.1)
i j<k) — E(ki<j)s €(ji<k) T €(ksi<s) <{i <j<k}e <3>> -

Let ﬁ(I) = ((é) x [3]) U ((é) x [2]) | and identify ’.’5([)* =17 f)(I) using (4.1)) and the
order suggested by our notation. (For example, ({i < j},2) € (g) X [3] corresponds to
e(ii<j)-) Pach element of D(I) corresponds to one of the elements of D(1)* = Z D(I)
in (4.1). This gives rise to an injection n(I): Z D(I) — ZD(I) with a(I) = n(I)a(I). By
construction, for I C I € P¢(N), the following diagram commutes:

n(I)

zig»»zig)
ZDU»~RH>ZDG)

The following is thus a consequence of Lemma

Lemma 4.7. Let I C I € Pg(N). Then the following diagram commutes:

201 —*Y . Hom(Z B(I), ZB(I))

incv( lHom(ret,inc)

ZD(I) Hom(Z B(I),ZB(I)).

a(I)

¢

Reduction of Proposition [4.3|to the case |I| = 3. Let I € P¢(N) with |I| > 3. Clearly,

be induced by the inclusions D(T") < D(I). Define 7(I): @Te(z) ZD(T) - ZD(I)
3

analogously. Recall the definition of an inflation of a module representation from

For T e (g), Lemma shows that the restriction of a(I) to ZD(T') coincides with



. . T .
1nfgg,)) (a(T)). We conclude that w(I)a(l) = [mfggp))(a(T))]Te(é) and, using Lemma

analogously for #(I)&(I). Note that we may regard #(I)&(I) as the restriction of
m(I)a(I) to a submodule. Since an orbit module Orbit(6) only depends on the image of 6,
Proposition |4.3|is equivalent to #(I)&(I) being an orbital subrepresentation of m(I)a(I).
Lemmas now reduce the latter property to the case |I| = 3.

Final step towards Proposition the case |I| = 3.
Lemma 4.8. Let T € (131) Then &(T') is an orbital subrepresentation of o(T).

Proof. We may assume that 7' = {1,2,3}. Using a suitable computer algebra system,
one may verify that Orbit(&(7)) and Orbit(a(T")) are Fitting equivalent whence the
claim follows by Corollary In the following, we include explicit details to allow the
reader to repeat this calculation. Order the elements of B(7") and D(T") lexicographically
as (1,2,3,{1 < 2},{1 < 3},{2< 3} and ({1 < 2},{1 <3}, {2 <3}, (1,1 <2), (1,1 <
3),(1,2 < 3),...,(3,1 < 2),(3,1 < 3),(3,2 < 3)), respectively. We see that a(T") is
isotopic to the module representation associated with the matrix of linear forms

0 X, Xo Xi X5 Xg
X, 0 Xs X» Xs Xo
-X; —X3 0 X1 Xuu X
“X, -X; -Xi0 0 0 0
—X; —Xs —Xu1 0 0 0
—Xg —Xg9 —Xio 0 0 0

AXy,...,X52) =

Regarding &(T'), by ordering the basis (4.1) as

(e{1<2}, €{1<3}s €{2<3}s €(1,1<2)> €(1,1<3), €(1,2<3) — €(3,1<2)» €(2,1<2),

€(2,1<3) T €(3,1<2); &(2,2<3), €(3,1<3); e(3,2<3))»

we find that &(T) is isotopic to the module representation associated with

0 X Xy Xy X5 Xe

7X1 0 X3 X7 X8 X9

~ X —X; 0 —Xe+Xs X0 Xu
A(X17...,X11)— —X4 —X7 +X6_X8 0 0 0
X5 —Xs —X10 0 0 0

—Xe —Xo —Xn 0 0 0

As in Lemma let C = C(X1,...,Xg) and C = C(X1,..., Xg) be the o-dual matrices
(see §2.1)) associated with A(X1, ..., X12) and A(X1,..., X11), respectively. Explicitly,
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-X2 X3

0 0 0 0 _ .
— X5 0 X, 0 0 0 X2 X3 0 0 0 0
—-X3 0 X3 0 0 0
0 —X3 X2 0 0 0
0 —X3 X2 0 0 0
—X4 0 0 X, 0 0
—X4 0 0 X1 0 0
—X5 0 0 0 X1 0
_x 0 0 0 0 X R —X5 0 0 0 X1 0
C = 0 6 _X 0 X 0 01 and C = 7X6 0 X4 7X3 0 X1
4 2 0 — X4 0 Xo 0 0
0 —X5 0 0 X2 0
0 -X¢ 0 0 0 X 0 —Xs —X4 X3 X2 O
6 2 0 —-Xs 0 0 0 X
0 0 —X4 X3 0 0
0 0 — X5 0 X3 0
0 0 =X 0 X3 0 0 0 -X¢ 0 0 X
L 0 0 — X6 0 0 X3_ - 6 3.

By Grébner bases calculations using Macaulay2 [15] or SageMath [33] (which uses
Singular [8]), the matrices C and C have the same ideals of i x¢ minors within Z[ X7, . .., X¢]
for all . The claim thus follows by combining Lemma [2.3] and Corollary [3.11] ¢

This completes the proof of Proposition 4.3

Remark 4.9. O’Brien and Voll |22, Prop. 5.9] determined the “character vector”
of F33(F,) (for ged(q,6) = 1) by studying the rank loci of a suitable “commutator
matrix” B(Y). (Character vectors specialise to class numbers via the well-known identity
k(G) = # Irr(G) for a finite group G.) Up to harmless transformations and an (equally
harmless) sign error, the matrix B(Y) in [22, Prop. 5.9] coincides with our A(X1,..., X1;)
in the preceding proof. We note that the interplay between the enumeration of conjugacy
classes and characters of unipotent groups in [22] can be expressed in terms of the duality
operation e for module representations; see [28, §6.2].

Remark 4.10 (Universal Jacobi identities). The strategy underlying our proof of
Proposition [£.3] admits the following generalisation in the spirit of Theorem [A] Let
R:= Z[uib :{h,i,j} € (1;),2 < j], where the y;; are algebraically independent over Z.
For I € P¢(N), we then obtain a “universal Jacobi ideal” with unit coefficients

, , , . I
Ju(I) = <uijk e(ij<k) T Ujik €(jick) T Ukij €(hicy) 11 < J <k} € <3>> C A(I)® R.
R

Let A,(I) := (A(I) ® R)/J,(I) and define a module representation &, (I) over R
analogously to the construction of &. A suitable specialisation R — Z then provides
identifications A(I) = A, (I)®Z and & = 4%, the latter of which is based on Lemma
Following the same strategy as above and using Macaulay2 [15] to perform Groébner
bases calculations over (finitely generated subrings of) R, we find that &, is an orbital
subrepresentation of off. Hence, if O is a compact DVR endowed with a ring map R — O,
then ng(l})g(T) = Z;S(l})D(T), irrespective of the specific choice of units of O that defines
the map R — O. In §§6H7] we will make very similar use of “large” Laurent polynomial
rings over Z to model universal linear relations with unit coefficients as in Theorem [A]
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4.3 Graphs and a proof of Theorem [E]

Having established Proposition (and thus Corollary , the final step in our proof
of Theorem [E]is to determine the ask zeta functions associated with the module repre-
sentations «(I). As we will now explain, the latter goal has been achieved in [30].

Adjacency representations of graphs. Let G = (V| E) be a simple graph, where V/
is finite and E C (‘2/) Following [30|, the (negative) adjacency representation
associated with G is the module representation

v: ZE — Hom(ZV,ZV), &{v<w)} ™ Cuw — €wu,

where < is an arbitrary total order on V' and, as above, we write {v < w} = {v,w}
for v < w. Up to isotopy, our definition of « is independent of <. Indeed, an alternative,
intrinsic construction of adjacency representations is provided in |30} §3.3]. An isotopy
between the two constructions can be found in the proof of [30, Prop. 3.7]. The following
is one of the main results of [30].

Theorem 4.11 ([30, Thm A(ii)]). Let G be a finite simple graph with adjacency repre-
sentation v as above. Then there exists Wa(X,T) € Q(X,T) such that for each compact
DVR O with residue cardinality q, we have Zi%‘(T) =Weal(q, T).

Viewing «(I) as an adjacency representation. Let K,, and A, denote the complete
graph and discrete graph on n vertices, respectively. (The latter graph has no edges and
is also referred to as a “null graph” or an “empty graph” in the literature.) Given graphs
G = (V,E) and G' = (V' E'), their join G V G’ is the graph constructed as follows. The
vertex set of GV G’ is the disjoint union of V and V’. Two vertices of GV G’ are adjacent
if and only if either (a) they both belong to V' (resp. V') and are adjacent in G (resp. G’)
or (b) one of them belongs to V' and the other to V'.

Let I € P¢(N) with d = |I|. The explicit description of «(I) that precedes Lemma
shows that «([) is isotopic to the adjacency representation of A(d) V Ky. Using the

2
notation from [30} §8.4], A,, V K,, is the threshold graph Thr(m,n). The following is now
an immediate consequence of [30, Thm 8.18].
(1-X""T)(1 - X"T)
(1-T)(1— XT)(1 — XmnT)

Theorem [E| follows from Corollary 4.4/ and Proposition (with (m,n) = ((9),d)).

Proposition 4.12. W vk, (X,T) =

5 Coherent families of module representations

In this section, we describe the effects of the operations of deleting rows or columns on
orbit modules associated with a given module representation. This will constitute a key
ingredient of our recursive proofs of Theorem [A] and Corollaries
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5.1 Definitions

Let A C B be sets. Analogously to the notation from §2.1| we denote the canonical
retraction R[Xp] - R[Xp|/(Xp\a) = R[Xa] by ret = retp 4. We tacitly regard each
R[X 4]-module as an R[Xp|-module by restriction of scalars via ret.

Definition 5.1. A coherent family of module representations

O = (0(1,.); o1
( (Z, )’SOI’J>ICIN,JCJE7%(N)

over R consists of the following data:

(a) Forall I,J € P¢(N), a finitely generated R-module M (I, J) and a module repre-
sentation 6(I,.J): M(I,J) — Hom(RI, RJ).

(b) For all T € I € P¢(N) and J C J € P¢(N), a transition map @55 M(I,J) —
M(I,J) such that <p§§ -0(I,J) = res?i(@(f, J)) (see ~.D

For notational simplicity, we usually simply write @ = (6(I,J)) (N) in the following.

1,JePs

Definition 5.2. Let © be as in Definition We say that © is a basic family of
module representations if, in addition to |(a)H{(b)| in Definition the following
conditions are satisfied:

(iii) For I,J € P¢(N), the module M (I, J) is free of the form M (I,J) = RB(I,J) for
a (designated) finite set B(I, J),

(iv) B(I,J) ¢ B(I,J) forall I ¢ I € P¢(N) and J C J € P¢(N).
(v) All transition maps are retractions (see i‘.) 9055 =ret: RB(I,.J) - RB(I,J).
We regard the datum (B(Z, J)); jep, () as part of a basic family of module representations.

Remark 5.3. Let © be a basic family of module representations as above. Let Ay ;
be the I x J matrix of linear forms in R[Xg; s)] associated with 0(I,J) as in
For I c Tand J C J, A 1,7 is then obtained from Aj; ; by deleting all rows indexed by

f \ I and all columns indexed by J\ J. Note that, by construction, no variable Xj for
b€ B(I,J)\ B(I, ) features in the submatrix of Aj ; indexed by I x J.

Remark 5.4. Although we shall not pursue this further in the present article, we note
that there are various natural ways of rephrasing the preceding notions in categorical
language. In particular, a coherent family of module representations gives rise to a
P¢(N)2-indexed direct system in the category mod 1, (R) from [28, Defn 2.2]. Much about
such families could then be expressed in terms of limits.
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5.2 Main examples

We construct basic families of module representations P, I, and X related to Theorem [A]
For each of these, in the setting of Definition we specify B(Z,J) and (I, J) and leave
the verification of the transition conditions in Definition [5.1{(b)| to the reader. We also
describe the orbit modules associated with each 6(I, J) for later use.

Example 5.5 (Generic rectangular matrices). We define a basic family

P=(p(1,))

1,JEPE(N)

of module representations over R as follows. Let B(I,.J) := I x J and define the map
p(I,J): RB(I,J) — Hom(RI,RJ) via (i,j) p(I,J) = efe; = e;5. The I x J matrix
associated with p(I,J) (see is the generic matrix [X(; j)]ier jes. Hence, p(I,J) is
isotopic to the identity on M|z, /(R). For (i,j) € I xJ, we have X ((1,j), p(1,J)) = Xie;
whence Orbit(p(I, J)) = R[Xz|J = RJ, an R[X|-module annihilated by each X; (i € I).

For a set A, we let (‘2) be the set of k-element subsets of A.

Example 5.6 (Generic alternating matrices). We define a basic family

r=(({, ']))I,JePf(N)

of module representations over R as follows. First, let

E(,J) = {Ae <I§J> ;AmJ;A@;éAmJ}é{{i,j}:iel,jej,i;éj}.

Define (I, J): RE(I,J) — Hom(RI, RJ) as follows. For {u,v} € E(I,J) with u < v,

€uv — €pu, fu,v €N,
{u,v}~y(I,J) =} +euw, ifuelandveJ butvegloruégl,
—€yu, ifueJandvel, butueglorvdlJ

For {u,v} € E(I, J) with u < v, the matrix associated with (I, J) has an entry Xy, .y in

position (u,v) if (u,v) € I x J and an entry — Xy, .y in position (v, u) if (v,u) € I x J; all

other entries vanish. In particular, v(Z, I) is isotopic to the inclusion Alt;|(R) < M7 (R).
Next, for i € I and j € J with ¢ # j,

:|:X7;ej F Xjez-, ifi,7 € INJ,

X({iaj}ﬂa"])):{ixiej, ifig Jorj¢l.

For instance,
R[X]I

Orbit(y(I, 1)) =
rbit(y(Z, 1)) (Xie; — Xje& 1i,j € 1 with i < j)

is the (negative) adjacency module of the complete graph with vertex set I in the sense of
[30, §3.3]; cf. On the other hand, if INJ = @, then Orbit(v(I, J)) = Orbit(p(, J)).
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Example 5.7 (Generic symmetric matrices). We define a basic family

X =(o(1, J))I,Jepf(N)

of module representations over R as follows. First, define

S(I,J):= {AE (ILfJ>U<IL;J> :Aﬂ[;é@;éAﬁJ}—{{i,j}:iEI,jEJ}.

Define o(1,J): RS(I,J) — Hom(RI, RJ) as follows. For ¢ € I and j € J, let

€ii, ifi=j,
{i,jyo(I,J) = qeij+ej, ifi,jelndJandi#j,
€ij, ifigJOI'jQI.

Thus, the matrix associated with o(/,J) has an entry Xy;; in position (i,j). In
particular, o(I, I) is isotopic to the inclusion Sym,; (R) < My (R). Next,

Xieq, if i =7,
X({Z,]},O’(I,J)): Xl-ej+Xjei, ifi,jeInd andi#j,
Xl'e]', lf’LgJOI“jgf

Similar to Example Orbit(o(I, 1)) is the (positive) adjacency module associated with
the graph (1, (1) U (})) as in [30, §3.3]. For I'n.J = @, Orbit(a (I, J)) = Orbit(p(I, J)).

5.3 The constant rank theorem

As before, we regard R = R[Xy] as an R[X]-module annihilated by each X;. In this
section, we devise a sufficient criterion for recognising when Orbit(6(7, J)) is “akin” to
R[X(]G ® R(J\ G) for some G C J in a suitable sense involving Fitting ideals (see §3.2)).

Definition 5.8. Let © be as in Definition We say that © is surjective if each
transition map gzﬁﬁ is surjective.

Let © be a coherent family of module representations as in Definition For I,J e
Pr(N), write Q(1, J) := Orbit(0(1, J)). Further let Q*(1,J) := Q(I, J) ®g(x,] R[XFY.

Definition 5.9. Let © be surjective, I,J € P¢(N), and ¢ > 0. Define Q(I,J) and
0 (I,J) as above. We say that @ is (I, J)-constant of rank / if

(a) Fit;(Q(1,J)) =(0) fori =0,...,£ —1 and
(b) Fit,(Q*(H,J)) = (1) for all non-empty H C I.

Our terminology is motivated by Theorem below and Remarks [5.14H5.15
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Example 5.10. Let I, J € P¢(N). Then P from Example[5.5]is (I, J)-constant of rank 0.
Indeed, for @ # H C I, we have Q(H, J) ~ R[Xz|J = RJ whence Q*(H,J) = 0.

Example 5.11. Let I, J € P¢(N). Then X from Example[5.7)is (I, J)-constant of rank 0.
To see this, let @ # H C I and h € H. If h ¢ J, then X({h,j},o(H,J)) = Xpe; for all
j € J whence X;,Q(H, J) =0 and thus Q*(H,J) = 0. On the other hand, if h € J, then

. Xnei+ Xjep, ifjeH,
X({h,]},O’(H,J)): ’ ’ p
Xnej, ifj¢€ H

for j € J\{h}. As X({h},0(H,J)) = Xpen, we conclude that Q*(H, J) = 0.

The case ® =T is more interesting. First, if I N J = &, then I is (I, J)-constant of
rank 0 for the same reason as P. (Recall that v(I,J) and p(I,J) have identical orbit
modules when I NJ = @.) On the other hand, we will see in Corollary that I is
(I,I)-constant of rank 1; this is essentially an algebraic version of [26, Prop. 5.11].

Theorem 5.12 (Constant rank theorem). Let R be a ring. Let © be a surjective coherent
family of module representations over R. Let I,J € P¢(N) and ¢ > 0. Suppose that © is
(I, J)-constant of rank £. Let O be an R-algebra which is a DVR with maximal ideal *B.
Then Q(1,J) @px,) Oz ~ OFf for all x € O\ BI.

Note that the conclusion of Theorem [5.12]is vacuously true when I = @. We will prove
Theorem [5.12] in Using Corollary we obtain the following consequence.

Corollary 5.13. Let the notation and assumptions be as in Theorem[5.14 Suppose that

. as —qt=e
O is compact. Let d = |I|, e =|J|, and ¢ = |O/B|. Then Z@(§7(])D(T) = (1—T§(1q—ql+€*6T)'

Remark 5.14. The conclusion of Theorem clearly implies that Q(I,.J) ® &, ~ &
for each field & and non-zero x € KI. Moreover, one can show that the conclusion
of Theorem is equivalent to “O-maximality” of §(1,.J)° in the sense of [26], §5.1];
cf. [26, Lemma 5.6] and |28, Prop. 3.8]. The connection between O-maximality and the
“constant rank spaces” extensively studied in the literature is explained in |26} §5.3].

Remark 5.15. Although we shall not pursue this point of view here, Theorem[5.12]admits
a geometric interpretation which we now briefly sketch. Suppose that the assumptions of
Theorem [5.12 are satisfied. For the sake of simplicity, further suppose that R = C. Then
Q(I, J) defines a vector bundle (= locally free sheaf of modules) of rank ¢ on the projective
space, P say, of lines in CI. Indeed, let F be the coherent sheaf on P associated with
the C[X7]-module (I, J). The conclusions of Theorem show that the module of
sections of F over each affine chart x; # 0 (i € I) is projective; cf. [10, Exercise 20.13] or
131, Tag OONV]. The problem of constructing vector bundles on projective spaces has a
long and rich history; see [23] and references therein. The study of such vector bundles
has also long been known to be related to the construction of spaces of matrices satisfying
rank conditions; see e.g. [11].
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5.4 Reminder: pushouts of modules

We collect some basic facts on pushouts of modules. Given module homomorphisms
A 64 B; and A; =% B for i = 1,2, we obtain module homomorphisms

A MBl @ Bo, a — (af,afs2) and
o)
Al @ Ay L)B, (a1,a2) — ajay + asan.

Proposition 5.16 (Cf. [31, Tag 08N2|). A commutative square of modules

¢

A——=B
N o
A ——= B
(bl
s a pushout if and only if the following sequence is exact:

R

A—A @B B’ 0.

If v is an epimorphism, then so is ¢/’. In the following, we will also freely use the fact
that extension of scalars (being left adjoint to restriction of scalars, see [31, Tag 05DQ)])
preserves pushouts and epimorphisms of modules.

Corollary 5.17. If (5.1) is a pushout, then Ker(y)') = Ker(¢))¢. ¢
We will use the following simple observation in our proof of Corollary [C]

Lemma 5.18. Let w: R" — M be a finite presentation of an R-module M. Let £ <n
and let p: R™ — R" ¢ be the projection onto the first n —{ coordinates. Form the pushout

R—T M

Pi ip’
RVt —s M.
If M' =0, then Fit,(M) = (1).

Proof. We may assume that M = Coker(a) for a € My,xn(R). Let a’ € My, () (R)
obtained from a by deleting the final £ columns. Then M’ ~ Coker(a’). As Fito(M')

be
= <1>,
the (n —¢) x (n — £) minors of a’ generate the unit ideal of R. Hence, Fit,(M) = (1).
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5.5 Relating orbit modules and a proof of Theorem [5.12]

In this section, let © be a fixed surjective coherent family of module representations
over R as in Definition As one of the main ingredients of our proof of Theorem
we now relate the orbit modules Q(I,J) = Orbit(6(I,J)) as I and J vary. Let w(I,J)
denote the projection R[X;]J — Q(I,J). For I ¢ I € P¢(N) and J C J € P¢(N), let

7{:} R[X;J] — R[X]]J be the diagonal of the commutative diagram

@ret
R[X;)J —~ R[X]J
R[X;)J S R[X/]J.

J

In particular,
Xiej, ifielandjeJ,

)

Xie; L7 _
(Xiej) 1 {0, otherwise.

Proposition 5.19. Let I C f~€ Pe(N) and J C J € Py(N). There exists a (unique)
R[X]-module epimorphism ﬂfj Q(I,J) - Q(I,J) such that the diagram

R —2 o, )
1] J w7 (5.2)
RIX1) — Q1)

commutes. Moreover, (5.2)) is a pushout of R[X;|-modules.

Proof. A simple calculation shows that for m € M(I,.J), we have X (m, 0(1,J )) 'ylij =
X(m go?i, 0(1, J)) Hence, 7{5 maps orbit(6(1, J)) onto orbit(4(I,J)) and the first claim

follows. The second claim follows since for any commutative diagram of modules

A B—"s(C 0

bk

Al B —=C' 0,

if a is an epimorphism and the rows are exact, then the right square (with top left corner
B) is a pushout—indeed, this e.g. follows from Proposition by diagram chasing. ¢

Remark 5.20. Note that for I' ¢ I € I € P¢(N) and J' € J C J € Py(N), we clearly
[ IJ _1,J

h j
ave 7T],7J, —7T17J7TI,7J,.
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It is well-known that if M is an R-module and a < R, then M ®r R/a ~ M/aM
(naturally). Together with Proposition this simple fact and the identification
R[X}] = R[X[]/(X} ;) now imply the following.

Corollary 5.21. W{j Q(I,J) — Q(I,J) induces an R[X;]-module isomorphism
I, J) ©pix,) RIX1) =~ QI J). ¢

As in let Q*(1,J) = QI,J) @p[x R[XF']. Recall that extension of scalars
preserves pushouts. For J C .J, the map W;j induces a map Q*(I,J) - Q% (I, J) which

we also denote by ij

Definition 5.22. Let orbit(A(I,J)) C R[X']J be the image of orbit(4(1, J)) ® R[XF).
Corollary 5.23. 71}5 Q*(I,J) — QX(I,J) is an isomorphism if and only if e; €
orbit* (8(I,J)) for all j € J\ J.

Proof. Combine Corollary extension of scalars R[X;] — R[X7'], and Proposi-
tion 5.19 ¢
Corollary 5.24. Let J' C J. If Q*(1,J') = 0, then Fit|p y|(Q*(I,J)) = (1).

Proof. Combine Lemma, [5.18 and Proposition [5.19 ¢

Proof of Theorem[5.13 Let x € OI \'BI. Let K be the residue field of O. Let z € RI be

the image of x and H :={i € [ :z; #0}. Let z(H) := Y. Zpep € KH be the image of
heH

7 under &I —= RH. Let M, := Q(1, J) R R, Oa- For i < £, Fit;(M,) = (0). Next,
M, ®o A~ Q(I, J) ®R[X1] Rz
~ (Q(I, J) ®R[X/] R[X;tll]> ®R[X§1] ﬁj(H)
~ X _

where () is due to Corollary Hence, Fity(M;) maps onto the unit ideal of K so that
in fact Fit;(M,) = (1). Thus, M, ~ O by Proposition and Example ¢

The following application of Proposition will become important in §7] Recall the
definition of I' = (v(1, J))r,jep;(n) from Example

Lemma 5.25. Let I C J € P¢(N) with J # @. Then Fito(Orbit(y(1,J))) = (0).

Proof. 1t follows from Remark [2.2(iii)| and Proposition [3.8(iii)| that it suffices to prove
the claim for R = Z. Suppose that I # &. As Proposition [5.19] provides an epimorphism

Orbit(y(I,J)) — Orbit(v(1,I)), by Proposition [3.8(ii), it thus suffices to show that
Fito(Orbit(y(Z,I)) = 0. Indeed, each w € orbit(y(I, 1)) = (X;e; — Xje; 1 0,5 € I,i < j)
(cf. Example satisfies the non-trivial linear relation ) ;. ; X;w; = 0. We conclude that
Orbit(y(1,1))®Q(X ) # 0 whence Fito(Orbit(y(Z,I))) = 0 (e.g. by Example[3.7)). Finally,
if I = @, then Orbit(v(I,J)) = RJ # 0 and the claim follows from Example ¢
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6 Linear relations with disjoint supports

In this section, we develop an abstract setting for studying ask zeta functions associated
with the modules Relgx(A, u, R) (see using the machinery from This will, in
particular, allow us to prove Corollary [B]

To simplify our exposition, we henceforth assume that U is a “sufficiently large” infinite
set. For our purposes, it will be enough to assume that each of N x N, (T), and (g)
is a subset of U. For a ring R, let R := R[tF! : x € U], where the 1, are algebraically
independent over R. We also let * denote extension of scalars R — R. We further assume
that C is an infinite set of colours and that the blank symbol [J does not belong to C.

6.1 Relation modules

By a partial colouring of a subset U C U, we mean a function g: U — C U {0} such
that the S-fibre {c}8~ of each element ¢ € C is finite; we tacitly extend § to a partial
colouring of all of U by setting x5 := [ for x € U\ U. Given f3, we say that x € U is
B-blank if x5 = O and f-coloured (with colour z3) otherwise. When the reference to
B is clear, we also simply talk about z being blank or coloured, respectively. For a set
B c U, let B[B]:={ceC:{c}B~ C B}, the set of colours confined entirely within B.

Definition 6.1. The -relation module associated with a set B C U (over R) is the
R-module

Rel(B )/ B;R) := {xERB Ve € BB Z ubxb—O} RB
bE{C}B‘

When the reference to R is clear, we simply write Rel(B // 8) := Rel(B J/ 5; R). Relation
modules are well-behaved with respect to inclusions.

Proposition 6.2. Let B C B C U. Then the retraction map ret: RB — RB (see
maps Rel(B /| B) onto Rel(B ] B3).

Proof. For A C U and c € C, let A := {c}p~ if ¢ € B[A] and A, := @ otherwise. Let
Ag = A\ Uecesa) Ae; equivalently, An = {a€A:af=0o0raf =:ceCbut{c}p~ ¢
A}. Note that Rel(A. / 8) = {x € RAc : Yyca, Uata = 0} and Rel(4 / ) = RAp @
D.cppa Rel(Ac / B). Clearly, B[B] C B[B]. If c € B[B], then B, = B, and ret: RB — RB
maps Rel(B, / 8) (isomorphically) onto Rel(B. /). On the other hand, if ¢ € 3[B 3\ B[B],
then B. = @, B. ¢ B, and ret maps Rel(B. / ) onto R(B. N B) C RBp. Indeed, fix
w € B.\ B. Then for z € Rel(B, // ) C RB., the coordinates z; € R with b # w can take

arbitrary values as we can solve for z,, in R. Finally, Bo = (BD U U,e BIB)\A[B] Bc) NnB
whence the claim follows by applying ret to the decomposition

RelB)B)=RBo & P Rel(B./B) & P Rel(B./[B). ¢
ceBIB\A(B] c€p|B]

Relation modules capture linear relations with disjoint support and unit coefficients.
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Proposition 6.3. Let B C U.

(i) Rel(B | B) is a free R-module. If B is finite, then Rel(B JJ 8) has rank |B| —m,
where m = #{c € B[B] : {c}B~ # o}.

(ii) Let S be an R-algebra. For z € U, let uy € S* denote the image of iy € R*. Then
the natural map Rel(B /| ) ® S — SB (induced by Rel(B J/ 8) — RB — SB) is
injective with image {x € SB :Vc € B[B]. Y. wupxp =0}.

be{c}B~

Proof. This is analogous to Lemma with R in place of R. ¢

6.2 Restricting module representations to relation modules

In line with notation from above, for a module representation 6 over R, we write 6 .= ok,

Individual module representations: defining 0 // /3.

Definition 6.4. Let 6: RB — Hom(RI, RJ) be a module representation, where B C U
and I,J € P¢(N). Let 5: B — CU{} be a partial colouring. Define 6 J/ 5 to be the

composite Rel(B // 8) — RB LN Hom(RI, RJ), i.e. the restriction of 6 to Rel(B // ).
In order to apply Theorem later on, we will require the following simple observation.
Lemma 6.5. If Fit;(Orbit(0)) = 0, then Fit;(Orbit(6 J 8)) = 0.

Proof. By construction, Orbit(6) is a quotient of Orbit(6 // 3). Now apply Remark
and Proposition [3.§(ii)H(iii ¢

We may now interpret the modules Relgx (A, u, R) from in the present setting.

Example 6.6. Let [ = [d], J = [e], and let 3: [d] x [e] = CU{} be a partial colouring.
Let A = ({c}B7) .o De the set of S-fibres of the elements of C. Tt is clear that 3 and A
determine one another. Note that A is a “partial colouring of [d] X [e]” in the sense
of Let S be an R-algebra. Let u be a d X e matrix whose entries are units of
S. Let S(u) denote S regarded as an R-algebra via the ring map R — S which sends
;. j) to ug; for (i,7) € [d] x [e] and which sends all other 7, to 1. Recall the definition

of p(I,J) from Then Proposition allows us to identify (p(I,J) / 8)™ and
Reldxe(A, u, S) — dee(S).

Families of module representations: defining © /5. Let © be a basic family of module
representations as in Definition 5.2l We assume that Boo := U  B(I,J) C U. Let
],JEPf(N)

0 = (é([, J)) ) be obtained from © by extension of scalars along R — R.

1,JePs(N
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Definition 6.7. Let 5: Boo — CU{} be a partial colouring. Define 5(I,J): B(I,J) —
C U {0} to be the partial colouring of B(Z,.J) given by

c, ifC:Z l’BGB[B(Ia J)]v

[0, otherwise.

zB(1,J) = {

That is, z5(I,J) # O if and only if ¢ := 24 # O and {c}p~ C B(I,J), in which case
xf(1,J) = c. Of course, the definition of 5(I, J) depends on ©. (We extend £(1,J) to
all of U as in §6.1]) Note that if I’ C I and J' C J, then (8(I,J))(I',J') = B(I', J").
Further note that, by construction, 6(I,.J) J/ 8 =6(1,J) J B(I,J). By Proposition [6.2]
we obtain a surjective coherent family of module representations

© /8= (6(1,7) ) B) = (6(1,7) ) BI,.7))

1,JePs(N) 1,J€Ps(N)

with transition homomorphisms induced by retractions RB(I,.J) — RB(I, J).

In Example we rephrased the setting of Corollary [B| in terms of the “- J 7
operation defined above. In order to deduce results such as Theorem [A] we will combine
the machinery from §3]and §5 A first step in this direction is the following.

Lemma 6.8. Suppose that © and © J/ 5 are both (I, J)-constant of the same rank ¢ (see
Definition . Then 6(I,J) J) B(I,J) is an orbital subrepresentation of O(1,.J).

Proof. Proposition and Remark imply that Ois (I, J)-constant of rank £.

Now combine Theorem and Corollary [3.4] ¢

6.3 Closure, admissibility, and a proof of Corollary

A proof of Corollary [Bf is now within easy reach. Let f: N x N — C U {} be a
partial colouring; recall that we assume that N x N € U. For I,J € P¢(N), let
B(I,J): I x J— CU{0} as in Definition [6.7]

Definition 6.9. Let I,J € P¢(N), I' C I, and J' C J. We say that (I’,J’) is S-closed
in (1, J) if the following condition is satisfied: for each ¢ € C, whenever (i/,j") € I' x J’
has (I, J)-colour ¢, then the (I, .J)-fibre of ¢ is contained entirely within I’ x J'.

In other words, (I’,J’) is B-closed in (I,J) if and only if for each 3(I,.J)-coloured
element of I’ x J', all elements of the same colour in I x J belong to I’ x J'. Equivalently:

Lemma 6.10. (I',J') is B-closed in (I,J) if and only if B(I',J"): I' x J' — CU{O} is
the set-theoretic restriction of f(I1,J): I x J — C U {O}. ¢
Definition 6.11. Let I, J € P¢(IN). We say that (3 is (I, J)-admissible if the following
condition is satisfied: for all non-empty I’, J' € P¢(N) such that (I’,J’) is S-closed
in (I, J), the set I' x J' contains a (I, J)-blank (and hence also S(I’, J')-blank) element.

When [ = [d] and J = [e], the preceding concept of (I, J)-admissibility agrees with
admissibility as defined in For instance, Figure [1b|is an example of a ([3],[3])-
admissible partial colouring.
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Lemma 6.12. Let I,.J € P¢(N) such that 3 is (I,J)-admissible. Let I' C I and J C J
such that I' x J' # @. Then I' x J' contains a S(I',J')-blank element.

Proof. By definition, if (I’, J') is S-closed in (I, .J), then there exists (', 5’) € I' x J' with
(@, HpI,J) = (i, 5)s(I',J") = O. Otherwise, there exists ¢ € C and (¢/,5') € I' x J’
with (¢, j)B8(I,J) = ¢ such that I x J contains an element with §(I, J)-colour ¢ outside
of I’ x J'. In that case, (i, 7")8(I’,J') = O by the definition of 5(I’, J’). ¢

Corollary 6.13. Let I' C I € P¢(N) and J' C J € P(N). If 5 is (I,J)-admissible,
then B is (I', J'")-admissible.

Proof. Let I" C I' and J” C J' both be non-empty and suppose that (I”,J") is S-closed
in (I’,J’). By Lemma|6.12} there exists z € I"” x J" with z5(I"”, J") = 0. By Lemma [6.10}
since (I”,J") is B-closed in (I, J'), we have O = 28(I",J") = 26(I', J’). ¢

Let P be the basic family of module representations from Example Define
e = (A1, J))I,JePf(N) =P ) B = (p(I,]) ) B, J))I,JePf(N); recall from i‘ that

p(1,J) ) B(1,J) is the restriction of p(I, J) := p(I, J)R to Rel((I x J) /B(I,J)). Given O,
define Q(I,J) and Q*(1,J) as in The following innocuous vanishing result is the
key ingredient of our proof of Corollary [B]

Lemma 6.14. Let I, J € P¢(N) and suppose that 3 is (I, J)-admissible. Then

QOX(I', ') = 0
for all non-empty I' C I and all J' C J.
Proof. 1If J' = &, then Q*(I’, J') is a quotient ofR[Xfl]Q = 0. Suppose that I' # @ # J'.
By Lemma there exists (i’, ') € I' x J' with (i/,§")8(I', J') = 0. Hence, ey jn €
Rel((I' x J') J B(I', J")) and thus Xyej € orbit™(p(I',J") J B(I',J")) (see Exampleh

and Definition [5.22)). By Corollary (I, J) = Q<(I', J'\ {j'}) whence the claim
follows by induction on |.J'|. ¢

Corollary 6.15. Let the assumptions be as in Lemma |6.14 Then:
(i) P ) B is (I,J)-constant of rank 0 (see Definition[5.9).
(it) p(I,J) ) B(I,J) is an orbital subrepresentation of p(I,J).

Proof. Part|(i)| follows immediately from Lemma For combine|(i)} Example
and Lemma ¢

Corollary 6.16. Let I,J € P¢(N). Write d = |I| and e = |J|. Let B be an (I,J)-
admissible partial colouring N x N — C U {O}. Define P as in Example for R=17Z.

Let O be a Z-algebra which is a compact DVR. Then Z?;?LJ)//B(LJ))D(T) = %.

Proof. Combine Corollary [6.15 and Corollary [5.13] ¢

Corollary [B| follows by combining the preceding corollary and Example (withR=17
and S = 9).
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7 Board games

In this section, we further develop the ideas from in order to prove Corollary [CHDJ
and Theorem [A] Our narrative will revolve around moves applied to the cells of grids
associated with suitable families of module representations.

7.1 Combinatorial families of module representations and isolated cells

We seek to generalise the recursive strategy that we used in our proof of Corollary
(see Lemma in For the moment, let the notation be as in In particular,
B: N x N — CU{} is a partial colouring which gives rise to a partial colouring
B(I,J): I xJ—Ccu{ld} forall I,J € P¢(N). Apart from the machinery developed in
previous sections, our proof of Corollary [B| relied on the following ingredients:

e Deleting columns: any B(I,J)-blank element (i,7) € I x J yields an isomorphism

Q(I,T) =~ Q(I,J\ {j})-

o Admissibility: combinatorial assumptions ensure the existence of enough blanks to
eventually delete all columns via repeated applications of the preceding step.

We will now begin to generalise both of these ingredients. Henceforth, let @ be a basic
family of module representations as in Definition Write Boo = Ur,jepyn) B, J).
We begin by describing situations in which we may “delete columns” (via isomorphisms
as above) using suitable elements of B(, J).

Grids and cells. Let I,J € P¢(N). Let b € B(I,J). Let [b{jJ]ielijJ be the matrix

of the map b0(I,J): RI — RJ with respect to the defining bases and let Gy(I,J) :=
{(i,7) e I x J : bfjf] # 0} be its support. By abuse of notation, in the following, we
often write ij instead of (7, j) for an element of I x J. The grid of (I,J) (w.r.t. @) is
G(I,J) == Uper(r,7) Go(I, J) C I x J. The elements of G(I,J) are its cells. Given a cell
ij € G(I,J), we refer to ¢ as its row and to j as its column.

Definition 7.1. We say that © is a combinatorial family of module representa-
tions if the following conditions are satisfied in addition to those in Definition

(i) The sets Gy(I,J) for b € B(I, J) are pairwise disjoint and non-empty.
(ii) For each b € B(I,J), each non-zero coefficient bi[jf] (t€l,jeJ)is aunit of R.
If © is combinatorial, then we call the sets Gy(I, J) the cell classes of G(I, J).

Example 7.2. Each of the basic families P, I', and X of module representations from
is combinatorial.

(i) For ® = P, we have G(I,J) = I x J. Cell classes are singletons.
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(ii) For @ =T, we have G(I,J) =10 J:={ije I x J:i# j}. Let ij € G(1,J). If
ji € G(1,J), then {ij, ji} is a cell class; otherwise, {ij} is a cell class.

(iii) For © = X, we have G(I,J) =1 x J. Let ij € G(I,J). If ji € G(I, J), then {ij, ji}
is a cell class (which might be a singleton); otherwise, {ij} is a cell class.

Henceforth, suppose that © is combinatorial.

Lemma 7.3. Let I C I € P¢(N) and J C J € Py(N).
(i) Let b€ B(I,J). Then b€ B(I,J) if and only if G3(I,J) N (I x J) # @.
(i) GI,J) =G, J)N (I x J).

Proof. By the definition of a basic family of module representations, the following diagram

comiutes:
- - 0(1,J) -
RB(I,J) Hom(RI, RJ)
lret lHom(inc,ret)
RB(I,J) —;—> Hom(RI, RJ).
Hence, if b € B(I,J), then G3(I,J) N (I x J) < G3(1,J) # @. If, on the other hand,

€ ,J)
b B(I,J)\B(I,J), then G;(I,J) N (I x J) = @. Both parts follow immediately. ¢

Partial colourings of grids. Define a surjection (I, J): G(I,J) — B(I,J) by sending
ij € G(I,J) to the unique b € B(I,J) with ij € G,(I,J). Let f: Boo — C U {0}
be a partial colouring. Define g(I,J): B(I,J) — CU{O} as in The composite
e(I,J)B(I,J) is then a partial colouring of G(I,.J) which, by abuse of notation, we again
simply denote by B(I,J). Conversely, every partial colouring of G(I,J) that is constant
on cell classes induces a partial colouring of B(I,J). The effects of deleting rows or
columns on partial colourings of grids are easily described.

Lemma 7.4. Let I C I € P¢(N) and J C J € P¢(N). Letij € G(I,J). Then

¢, ife:=1ijp(I,J) e C and every cell class C of G(I,J) with
ij B(I,J) = B(I,J)-colour ¢ satisfies C' N (I x J) # @,

0, otherwise.
Proof. Let b:=ije(I,J) € B(I,J). As B(I,J) = (B(I,J))(I,J),

¢, ife:=bp(I,J)eCand {c}B(I,J)” CB(,J),

L], otherwise

bﬁ(I,J)—{

whence the claim follows from Lemma [7.3(i)| ¢
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Isolated cells. We say that ij € G(I,J) is (I, J)-isolated (or simply isolated if I and
J are clear from the context) if 7j is the sole member of its cell class within G(I, J).

Example 7.5. We can easily describe isolated cells related to each of the basic families
P, I, and X of module representations from cf. Example

e For ©® = P, each cell of G(I,J) = I x J is isolated.
e For © =T, acell ij € G(I,J) is isolated if and only if ji & G(I, J).
e For ©@ =X, acell ij € G(I,J) is isolated if and only if i = j or ji € G(I, J).

We now anticipate the deletion of columns in the following subsections as follows.
Let ij € G(I,J) be an isolated cell. Let b := ije(I,J) be the corresponding element
of B(I,J). Then bO(I,J) = ue;; for some u € R* and therefore X (b,0(1,J)) = uX;e;.
As in we thus obtain an isomorphism Q* (I, J) ~ Q*(I,J\ {j})-

7.2 Admissible partial colourings of grids

In this subsection, we will derive a generalisation (Corollary |7.11f) of Corollary for
combinatorial families of module representations. The crucial new ingredient is a suitably
general notion of “admissible” colourings.

Setup. Let © be a combinatorial family of module representations as in §7.11 Write
Boo = Ursemnv) B(Z, J). Let 8: Boo — CU{D} be a partial colouring. For I, J € P¢(N),
define B(I1,J): B(I,J) - CU {0} as in As in §7.1] we also let 5(1,J) denote the
induced partial colouring of the grid G(I, J ) Using . we obtain a surJectlve coherent
family © J 8 = (6(1,J) ) B(I, J))I,JePf(N) of module representations over R := R[iE

z € Ul. Let Q(I,.J) := Orbit((® J B)(I,J)) and Q* (I, J) := Q(I, J) ®f1xy] R[XF!. For
I CIePyN)and JC J € Py(N), define 7715 QI,J) — Q(I,J) via Proposmon 5.19

We seek to generalise the notion of (I, J)-admissibility from Definition |6.11] to more
general combinatorial families of module representations. Our first step is to formalise
the deletion of columns as outlined at the end of

Definition 7.6 (Moves). Define a binary relation e—6> C P¢(N)? (“move”) by letting

(LJ)@—;(LJ')

)

if and only if there exists an (I, J)-isolated 5(I,J)-blank cell ij € G(I,J) such that
J'=J\{j}. Welet @L/g) be the reflexive transitive closure of @—ﬁ>'

Let I, J,J1, Jo € P¢(N). Clearly, if (I,J) — o5 (I,J1) and ij € G(I,J1) C G(I,J), then

whenever ij is (1, J)-isolated (resp B(1,J)-blank), it is also (1, Jq)-isolated (resp B(1, J1)-
blank). Therefore, if (I, J) (I Jy) and (1, J) (I J2), then (1, J) (I JiNJs).
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Hence, if (I,.J) — (I, @), then we can construct a sequence (I,.J) = (I,J)) —

0,8 0,8
(1,J") 9—,3> e e—6> (I, J*)) = (I, @) by picking an arbitrary blank isolated cell i,j, €

G(I,J®) and setting J#+D = JW\ {5,} for 0 < u < k.
The following lemma forms the heart of our recursive arguments.

Lemma 7.7. If (I,.J) GL/; (1,J"), then O (I,J) ~ QX (I,J') via %7,

)

Proof. By Remark [5.20] we may assume that (I, J) 9—B> (I,J") so that J' = J\ {j},

where ij € G(I,J) is isolated and blank. Let b = ije(I,J) € B(I,J). Since ij is
blank, e, € Rel(B(Z,J) J B(I,J)). As ij is isolated, e, 0(I,J) = ue;; for u € R*. Thus,
X(ije(I,J),0(1,J)) = uX,e;. Hence, e; € orbit*((® / 8)(I,J)) and the claim follows
from Corollary ¢

Definition 7.8. We say that 5 is ©(/, .J)-admissible of level ¢ > 0 if the following
condition is satisfied: for all @ # H C I, there exists D(H) C J with |D(H)| < ¢ such
that (H,J\ D(H)) G)Lﬁ> (H,2); when ¢ = 0, we simply say that /5 is ©(/, J)-admissible.

)

This notion gives rise to the “board game” in the title of the present section: [ is
O(1, J)-admissible of level ¢ if and only if for each non-empty set of rows H C I, it is
possible to find a set D(H) C J of at most ¢ columns such that some sequence of moves
applied to the partially coloured grid G(H, J\ D(H)) eventually deletes all of its columns.

Example 7.9. Let I,J € P¢(N). Then the “all blank” partial colouring O is both
P(I,J)-admissible and X (I, J)-admissible. The situation for I is more complicated. If
INJ = o, then Ois (I, J)-admissible. On the other hand, if I # &, then no partial
colouring is (I, I)-admissible: the corresponding grid does not contain any isolated cells.

Lemma 7.10. Let © be a combinatorial family of module representations as above.
Let B: Boo — CU{O} be a partial colouring. Let I,J € P¢(IN) and suppose that [ is
O(1, J)-admissible of level £ > 0. Then Fity(Q2*(H,J)) = (1) for each non-empty H C I.

Proof. Let D(H) C J with |[D(H)| < £ and (H,J \ D(H)) ? (H,2). By Lemma (7.7
((H,J\ D(H)) = 0. By Corollary [5.24], Fit,(2*(H, J)) = (1). Y

Corollary 7.11. Let I,J € P¢(N) and £ > 0. Suppose that (a) © is (I,J)-constant of
rank { (see Definition[5.9) and (b) B: B — C U {0} is O(I, J)-admissible of level (.
Then:

(i) © ) B is (I,J)-constant of rank £.
(i) O(1,J) ) B(I,J) is an orbital subrepresentation of 6(I, J)R.

Proof. For i < £, as Fit;(Orbit((1,J))) = 0, by Lemma Fit; (Orbit(6(1, J) J B) = 0.
Part thus follows from Lemma For combine and Lemma . ¢

The ask zeta functions associated with (@ // )(I, J) are thus given by Corollary
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7.3 Rectangular board games
For ©® = P, Definition is consistent with our previous notion of (I, J)-admissibility.

Proposition 7.12. Let f: N x N — CU {O} be a partial colouring. Let I,J € P¢(N).
Then B is (I, J)-admissible (in the sense of Definition if and only if B is P(I,J)-
admissible (in the sense of Definition @

Proof. Suppose that (3 is (I, J)-admissible. We show that § is P(I,.J)-admissible by
induction on |J|. We may clearly assume that J # &. Let @ # H C I. By Lemma
there exists hj € H x J with hj5(H,J) = 0. Hence, (H,J) F[? (H,J\{j})- By

)

Corollary 16.13} 5 is (I,J \ {j})-admissible whence (H,J \ {j}) P*—B> (H, @) by induction.

Conversely, suppose that 3 is P(I, J)-admissible but that 3 is not (I, J)-admissible.
Then I # @ # J and there exist non-empty H C I and J C J such that (a) (H,J)
is B-closed in (I,.J) but (b) H x J does not contain any §(I,.J)-blank elements. By
Lemma H x J then does not contain any 3(H,.J)-blank elements either. As j3 is
P(I,J)-admissible, (H,J) F*; (H,2). Choose a sequence

)

— (0) 1) (k)y —

in which J@+1) =g (f‘) \ {huju} for a blank and isolated cell hyj, € H x J ). Let u be
minimal with j, € J. Hence, J C J (W) Moreover, hyjy is B(H,J (“))—b_lank and hence
B(H, J)-blank. This contradicts the fact that no cell in H x J is 8(H, J)-blank. ¢

Thanks to Proposition [7.12] we see that Corollary [7.11] generalises Corollary [6.15]
Transpose colourings. Given a partial colouring 5: N x N — C U {{J}, define its
transpose to be 8 : N x N — C U {0} via (i,5)8" = (4,4)8.

Lemma 7.13. 3 is P(I, J)-admissible if and only if B is P(J, I)-admissible.

Proof. Clearly, 8 is (I, J)-admissible in the sense of Definition if and only if BT is
(J, I)-admissible. The claim thus follows from Proposition ¢
7.4 Symmetric board games

The following is a symmetric counterpart of Corollary

Corollary 7.14. Let I,J € P¢(N). Write d = |I| and e = |J|. Define X as in
Ezample for R =1Z. Define Soo = Uy jepyn) S5 J). Let B: Soo — CU{} be a
X (I, J)-admissible partial colouring. Let O be a Z—algebm which is a compact DVR. Then

1—q°T
ask _
Zotaysan ) = G0 = g1y
Proof. Combine Example Corollary and Corollary ¢
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Example 7.15.

(i)

Let I = J = [4] and let blue € C. let 8 be the partial colouring of S([4], [4]) with
{1,2}5 ={2,3}3 = {3,4}5 = blue and such that all other points of S([4], [4]) are
blank. The induced colouring of the grid G([4], [4]) = [4] x [4] is

1 2 3 4

We claim that this partial colouring is X([4], [4])-admissible. (For a substantial gen-

eralisation, see Example [7.19]) For example, since the diagonal cells are blank and

isolated, ([4],[4]) z—5> ([4], @). Next, consider the case H = {2,3} in Definition

)

Note that every cell class of [4] x [4] intersects G({2,3}, [4]) = {2, 3} x [4]. Hence,
the induced colouring on {2,3} x [4] is

Note that (3,4) is an isolated blue cell. Hence, deleting the 4th column us-
ing the isolated blank cell (2,4) results in the all-blank partial colouring on

G({2,3},{1,2,3}). Thus, ({2,3},[4]) ):LB> ({2,3},2). We leave it to the reader

to verify that (H,J) XLB) (H, o) for the remaining cases of @ # H C I. Let ©

be a compact DVR an(i let M = {x € Sym,(9O) : x12 + z23 + w34 = 0}. Then

¥ ([4], [4])-admissibility of 3 and Corollary [7.14| e.g. imply that Z33(T") = I(If;;gT

The partial colouring 3 of S([3], [3]) whose associated grid is

is not X([3],[3])-admissible. (Consider the case H = {2}.) The conclusion of
Corollary|7.14|does not hold either. Indeed, letting N := {x € Sym3(D) : z19+x23 =
0}, using Zeta, we find that if O has sufficiently large residue characteristic, then

1+ q T —Aq 2T + ¢ 3T + ¢ 4T?

4 (=g 7)1 77
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7.5 Antisymmetric board games

As we already indicated in Example even the “all blank” partial colouring may or
may not be ([, J)-admissible, depending on I and J. It turns out that this subtlety
disappears if we consider admissibility of level 1. Recall that I © J = {ij € I x J : i # j}.

Lemma 7.16. Let I,J € P¢(N). Then the partial colouring O: I © J — C U {0} with
constant value O is T (I, J)-admissible of level 1.

Proof. Let H C I be non-empty. If HNJ = &, then (H,J) % (H,2) by Example (7.9

)

and since — and —— agree for pairs of disjoint sets. (Cf. Lemma [7.21] below.) Let

k) P7
j € HNJ. Then every cell in the jth row of H ® (J\ {j}) is isolated (and blank) whence
(H,J\{5}) = (H,2). ¢

ro
We already alluded to the following right before Theorem [5.12]in §5.3]
Corollary 7.17. Let I C J € P¢(N) with J # @. Then T is (I, J)-constant of rank 1.
Proof. Combine Lemmas [5.25] [7.16] and [7.10} ¢

The following is thus an antisymmetric counterpart of Corollary and Corollary

Corollary 7.18. Define Exc = U jep,n)E(L,J). Let B: Esc — CU {0} be a partial
colouring. Let I,J € Py(IN) with I C J. Suppose that 5 is [ (I, J)-admissible of level 1.
Write d = |I| and e = |J|. Let O be a Z-algebra which is a compact DVR. Then

ask _ 11— ql_eT
Z(W(I,J)//ﬁ)D(T) T (1-T)(1 = gHl-eT)

Proof. For J # &, combine Corollaries [7.17}, [7.11] and [5.13] The case [ = J = & is
trivial. ¢

Example 7.19 (Rainbows). Fix a sequence cj,cz,... € C of different colours. For
0 < b < d, let xpq be the partial colouring of E([d],[d]) (see Example such that
{i,i+a}xpd = cq for a,i > 1 with a < b and i + a < d. Hence, b is precisely the number
of different colours used. See Figure [3| for an illustration of these partial colourings.

(a) x4,7 (admissible of level 1) (b) x6,7 (non-admissible of level 1)

Figure 3: Examples of “rainbow grids”

Let b < d — 3. In the following, we outline a proof that x4 is [([d], [d])-admissible of
level 1. We proceed by reduction to all-blank partial colourings from Lemma First,
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it clearly suffices to consider the case b = d — 3. For d = 3, X34 = X0,3 is the all-blank
partial colouring. Let d > 4. Let H C [d] be non-empty. We consider various cases
depending on the value of i := min(H ). The crucial observation here is that each of the
d — 3 colours appears in rows and columns 1, 2, d — 1, and d.

e Suppose that i =1 or i = 2. If some (u,v) € Corner := {(1,d — 1), (1,d),(2,d)} is
an isolated (necessarily blank) cell of G(H, [d]), then each cell of G(H, [d] \ {v}) is
blank and the proof of Lemma [7.16] finishes this case. Otherwise, d € H and we
choose D(H) := {d}. Both (d,1) and (d,2) are isolated blank cells of G(H, [d — 1]).
Thus, (H,[d]\ D(H)) % (H,{3,...,d —1}). Clearly, all cells with colour ¢;

sXd—3,d

in G([d], [d]) are blank in G(H,{3,...,d — 1}). We conclude that one of (1,d — 1)
and (2, 3) is an isolated blank cell of G(H, {3,...,d—1}). By repeatedly using such
isolated blank cells, it now easily follows that (H,{3,...,d —1}) Fx;—ad> (H,2).
e Suppose that ¢ > 3. Then all cells with one of the colours ci,...,¢i—2 in G([d], [d])
are blank in G(H,[d]). Hence, (i,7 — 1) is an isolated blank cell of G(H, [d]) and
ci—1 is absent from G(H,[d] \ {i — 1}). Continuing in this fashion, we obtain
(H,[d]) r—> (H,{i,...,d}) and all cells of G(H, {i,...,d}) are blank. We may

»Xd—3,d

thus again proceed as in the proof of Lemma [7.16]

Remark 7.20. For X, let x;, ; be the partial colouring of S([d], [d]) (see Example
which assigns the same colours as x; q to off-diagonal entries of the grid [d] x [d] and
which is blank along the diagonal. Using Example in place of Lemma [7.16] a variation
of our arguments from above shows that xj, ; is Z([d], [d])-admissible whenever b < d — 3.

7.6 Proofs of Corollary [CHDJ

Generalities. Our proofs of Corollary [CHDJ|share several common steps. We will therefore
initially consider both cases at once. Recall the definition of I and X from Examples [5.6}-
including the definitions of the sets S(I, J) and E(I, J). Further recall the descriptions
of the associated grids from Example [7.2] and of isolated cells from Example [7.5

Lemma 7.21. Let U,W € Py(N) with UNW = @. Let 3: S(UW) — C U {0}
(resp. f: E(U, W) — CU{O3}) be a partial colouring. Let B: UxW — CU{O} (resp. f: UG
W — CU{}) be the induced partial colouring on the associated grid w.r.t. X (resp. T ). Let
W' c W. Then (U,W) ?*; (U,W") if and only if (U, W) —— (U,W') (resp. (U,W) -
U, w).

) )

Proof. AsUNW = @, each cell of U x W (resp. U ® W) is isolated w.r.t. X (resp. I').

The claim follows since by Lemma — (resp. —) and ﬁ) coincide when restricted
z:ﬁ r:ﬁ ’
to pairs of disjoint sets. ¢
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Definition 7.22. Let I, J € P¢(N) with I N J = @. Write V :=ITUJ. Let 8: I x J —
CU{O} be a partial colouring. Define 5: S(V, V) — CU{O} (resp. 5: E(V, V) — Cu{})
as follows:

zfp =

. (1,7)8, ifx={i,jtforielandjeJ,
], otherwise.

As before, we also let B denote the induced partial colouring of the assgciated gArid
G(V.V) =V xV (resp. G(V,V) =V © V) wr.t. X (resp. I'). That is, (z,7)8 = (4,9)8 =
(i,j)BforieTand je Jand zf=0forz & (I x J)U (J x I).

Example 7.23. Let I = {1,2}, J ={3,4,5}, and let 8 be the P(I, J)-admissible partial
colouring of I x J given by

Then the induced partial colouring 3 on the grid (IUJ) x (IUJ) = [5] x [5] w.r.t. X is

1 2 3 4

1
2
3
4

By deleting the diagonal cells from this grid, we obtain the colouring associated with
on the grid [5] ® [5] w.r.t T. It is of course no coincidence that the construction of S from
3 is reminiscent of the definitions of SRelyyx. and ARelyy, in terms of Relyy, in

Towards Corollary@ Let the notation and 3: S(V, V) — CU{} be as in Definition
The following is the last missing piece towards Corollary D]

Proposition 7.24. 3 is £(I U J, 1 U J)-admissible if and only if 8 is P(I, J)-admissible.

Proof. Let @ # H C V. Write H =I'UJ for I' C I and J' C J. For all i € I

(resp. j' € J'), the cell (¢/,i') (resp. (4,5')) is isolated and blank within G(H, V). We can

thus delete all columns in I’ U J’ to obtain (H,V) —— (H,V \ H). Next, each cell in
rp

I's (I\NI') or J' x (J\ J') is (H,V \ H)-isolated and blank. Thus, if I' # & # J', then
(H,V\ H) = (H,2). We are thus left to consider the cases J' = @ or I' = .
B

)

Suppose that J' = @ so that H = I’ and (H, V\H) = (I', (I\I')UJ) — (I', .J). Using
zp

Lemma it is easy to see that 3(I’,J) agrees with S(I’,J) on I’ x J. By Lemma
for all non-empty I” C I, (I",J) — (I",@) if and only if (I”,.J) ?*; (1", 2).
zp

B )

Finally, suppose that I’ = & so that H = J’ and (H,V \ H) —— (J',I). In this case,

B(J', T) agrees with ' (J',I) on J' x I. Hence, for all non-empty J" C I, (J",I) =

zp
(J",2) if and only if (J”, ) P%> (J",2). The claim thus follows from Lemma [7.13| ¢

)
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Corollary [D] follows by combining Proposition [7.24] and Corollary [7.I8—the translation
between matrices and families of module representations is similar to the proof of

Corollary [B] in

Towards Corollary [C] The main difference between Corollaries [C| and [D] is that our
proof of the former will involve admissibility of level 1 rather than 0. Let the notation
and §: E(V,V) — C U {3} be as in Definition

Proposition 7.25. If 3 is P(I, J)-admissible, then 3 is T(I U J,I U J)-admissible of
level 1.

Proof. Let H=1'"UJ # @ for I' C I and J' C J. Suppose that I’ # &; analogously

to the proof of Proposition using Lemma the case J' # @ of the following is

similar. Let ¢ € I’ and D := D(H) := {i}. Within the ith row of G(H,V \ D), all cells

with columns in I are blank and isolated. Thus, (H,V \ D) —— (H,.J). Similar to the
r.g

proof of Proposition within the grid G(H, J), (a) the induced partial colouring on
I' x J coincides with 3(I’, J) and (b) all cells in J’ x J are blank. We consider two cases:

(i) Suppose that J' # @. As all cells within the non-empty set J' x (J\ J') € G(H, J)
are blank and isolated, (H,.J) —— (H,.J'). Since B is P(I,.J)-admissible, by
r.p

Lemma and Proposition 7Q (I', J') contains a blank cell, say (¢/,j"). Since

J'x J C G(H,J') is entirely blank, (i, ;') is also a blank and isolated cell of

G(H,J'). In particular, (H,J') — (H,J'\ {j'}). Within the grid G(H, J"\ {j'}),
r.p

bl
*

all cells in the jth row are blank and isolated whence (H,J') — (H, @).
r7ﬁ

(ii) If J' = @, then (H,J) = (I',J) - (I', @) by Lemma [7.21 ¢
r?/g

Corollary [D] follows by combining Proposition and Corollary similarly to the
proof of Corollary [B]in §6.3}

7.7 Proof of Theorem [Al

As the culmination of the techniques developed in the present article, the following
provides the (admittedly technical) template for all three results in Theorem [Al Recall
the matrix notation for maps from

Theorem 7.26. Let © be a combinatorial family of module representations over R
as in Definition [7.4 Let I,J € Py(N) and suppose that © is (I,J)-constant of rank

¢ > 0 (Definition . Define U and * as in . Write Boo := Uy jep,n) B(L, J) and
let B: Boo — CU{U} be a partial colouring; we assume that B C U. SupposeN that
B is ©(I, J)-admissible of level £ (Definition @ Let I,J € P¢(N) with I C I and
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J C J. Let N be a finitely generated R-module and let n: N — Hom(Rf, Rj) be a
module representation. Recall the definition of inf?ﬁ(-) from % Define

_ linffjf(G({ ) ) 5)] . Rel(B(I,J) J ) @ N — Hom(RI, RJ) and
n

A

infl7 (4 . . PR
5= [mf],J(Q(I,J))]: RB(I,J)® N — Hom(RI, RJ).
Ui

Let © be an R-algebra which is a compact DVR. Then ZgSDk(T) = ngDk(T)

Proof. By Corollary 0(1,.J) /| B is an orbital subrepresentation of (I, .J). Lem-
mas thus show that o is an orbital subrepresentation of &. The claim now
follows from Lemma [3.2] ¢

Let I',J" € Py(N) and let 5: I’ x J' — CU {0} be P(I', J')-admissible.

(a) Recall that P is (I, J')-constant of rank 0 (Example |5.10)). We may thus apply
Theorem with@ =P, I =1, J=J,and £ =0.

(b) For ® = X, suppose that I’ N J' = @. Given f, define 3 as in Definition
By Proposition Bis £(I' U J',I' U J')-admissible. By Example Y is
(I' U J', I' U J')-constant of rank 0. We may thus apply Theorem with @ = X,
I=J=TI'UJ, and {=0.

(¢) For ® = I, again suppose that I’ N J’ = @ and define 3 as in Definition
By Proposition , B is Fr(I’uJ,I'u.J)-admissible of level 1. Suppose that
I'UJ' # @. By Corollary [7.17, [ is (I’ U J', I’ U J')-constant of rank 1. We may
thus apply Theorem [7.26| with @ =T, I = J =I"UJ’, and £ = 1.

The preceding points |(a)H(c){imply Theorem [A] Indeed, by permuting rows and columns
in Theorem [A] we may assume that r; =7and ¢; = jforall 1 <i¢<mand 1< j<n. By
applying ith R=9,I=[d],J=]le, I=[m],J=][i],and n = (N < Mpuxa(D)),
we obtain the case M = Myx.(9) and M’ = Relgxe(A, u, D) of Theorem [A} the final
translation from module representations to matrices is again based on Example [6.6] The
other two cases in Theorem A follow very similarly using |[(b)H(c)]
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